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Abstract. Nonconvez quadratic programming with box constraints is a fundamental NP-hard
global optimization problem. Recently, some authors have studied a certain family of convex sets
associated with this problem. We prove several fundamental results concerned with these convex sets:
we determine their dimension, characterize their extreme points and vertices, show their invariance
under certain affine transformations, and show that various linear inequalities induce facets. We also
show that the sets are closely related to the Boolean quadric polytope, a fundamental polytope in
the field of polyhedral combinatorics. Finally, we give a classification of valid inequalities and show
that this yields a finite recursive procedure to check the validity of any proposed inequality.
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1. Introduction. Nonconver quadratic programming with box constraints
(QPB) is the problem of minimizing a nonconvex quadratic function of a set of vari-
ables subject to lower and upper bounds on the variables. A QPB instance with n
variables takes the following form:

min{ch—i—xTQx: | <x<u, xER"},

where z is the vector of decision variables, ¢ € R" is the vector of linear costs,
Q € R™™" is the matrix of quadratic costs, and I € R™ and u € R" are the vectors of
lower and upper bounds, respectively.

As usual in the literature, we assume throughout this paper that the box con-
straints take the simple form = € [0,1]™. Any instance not satisfying this property
can be easily transformed into one that does.

QPB, which is A'P-hard, is regarded as a fundamental problem in global opti-
mization (see Horst, Pardalos, and Thoai [13]). A survey of research on QPB up to
1997 was given by De Angelis, Pardalos, and Toraldo [7]. More recent relevant papers
include Yajima and Fujie [29], Vandenbussche and Nemhauser [27, 28], Burer and
Vandenbussche [6], Anstreicher [1], and Anstreicher and Burer [3].

It is common practice to linearize the objective function by introducing, for
1 <i < j < n, a new variable y;;, representing the product z;x;. The noncon-
vex constraints y;; = x;x; can then be approximated by either linear constraints (as
in [23, 27, 28, 29]) or conic constraints (as in [1, 3, 6]).
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1074 SAMUEL BURER AND ADAM N. LETCHFORD
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Fic. 1. The convex set QPBj.

In order to derive stronger relaxations in the (x,y)-space, it is natural to study
the convex hull of feasible solutions to the problem, i.e., the set

QPB, = conv{(x,y) € [0, 1]"*(”2“) Dy =mixy (V1<i<j< n)}

Note that QPB,, though convex, is not polyhedral even for n = 1; see Figure 1.
Although a few authors have studied QPB,, explicitly [1, 3, 29], many fundamental
questions about its structure remain unanswered. (For example, a complete linear
description of QPBj is not known [3].) The goal of this paper is to understand
QPB, better.

The structure of the paper is as follows. In section 2, we review the relevant liter-
ature. In section 3, we explore some fundamental properties of Q PB,,: its dimension,
extreme points, vertices, and affine symmetries. In section 4, we consider the so-called
reformulation-linearization technique (RLT) and positive semidefinite (psd) inequali-
ties and determine the dimension of the corresponding faces of QPB,,. In section 5,
we establish a connection between @ PB,, and the so-called Boolean quadric polytope,
a fundamental polytope in the field of polyhedral combinatorics. This yields a huge
class of facet-inducing inequalities for QPB,,. In section 6, we give a “classification”
of valid inequalities and show that it yields a finite procedure to check the validity of
any proposed inequality. We also use it to explore the structure of QP Bs. Finally,
concluding remarks are given in section 7.

We assume throughout that the reader is familiar with the basics of polyhedral
theory (see Nemhauser and Wolsey [17] or Schrijver [22]) and convex analysis (see
Hiriart-Urruty and Lemaréchal [12]).

2. Key concepts from the literature. Some key concepts from the literature
are now explained.

2.1. The RLT inequalities. It is well-known that the constraint y;; = x;x;,
together with the bounds 0 < z; <1 and 0 < z; < 1, imply the following four linear
inequalities:

Yi; >0, v <xiy Yy <Xy, Yy = +xy;— L

These inequalities remain valid when ¢ = j, in which case the second and third of
them coincide. They have come to be known as RLT inequalities, because they can

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



NONCONVEX QP WITH BOX CONSTRAINTS 1075

F1G. 3. Region defined by RLT inequalities with i # j when n = 2.

be derived using the so-called reformulation-linearization technique of Sherali and
Adams [23].

Replacing the constraints y;; = x;x; with the RLT inequalities, we obtain a linear
programming relaxation of QPB. See Figure 2 for an illustration, again for the trivial
case n = 1.

In Figure 3, we display the polytope defined by the RLT inequalities with ¢ # j
for the case n = 2. Here, the variables y1; and y22 have been omitted. McCormick
[16] pointed out that this polytope is equal to the following convex hull:

Conv{(xl,xg,ylg) €[0,1]*: yia = a:lxg} )

We will see in subsection 2.4 that this polytope is nothing but the Boolean quadric
polytope for n = 2.

2.2. Using positive semidefiniteness. The idea of applying semidefinite pro-
gramming to nonconvex quadratic programs is due to Shor [26] (see also Lovész and
Schrijver [15]). The idea is as follows. We begin by defining the n x n symmetric
matrix Y = xzz”. Note that, for any 1 < i < j < n, Yij = yij. We also define the

augmented matrix
oo (DY) (v AT
C\e)\z)  \& Y )’
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1076 SAMUEL BURER AND ADAM N. LETCHFORD

Since Y is defined as the product of a vector and its transpose, we should have Y =0
in a feasible solution (i.e., ¥ should be positive semidefinite).

It is well-known that imposing Y = 0is equivalent to imposing Y — zaT > 0,
which in turn amounts to imposing the convex quadratic constraints b7 Yb > (b7x)?
for all b € R". Moreover, as first noted by Ramana [20], Y = 0 if and only if

vTYv+ (2s)vTz+ 5% >0

for all vectors v € R™ and scalars s € R. This is equivalent to imposing the following
linear inequalities:

(1) (2s)vTx + vayu +2 Z vivYi; + 52 >0 (Vv € R", s € R).

i=1 1<i<j<n

We will call the inequalities (1). Note that the RLT inequalities y;; > 0 and y;; >
2x; — 1 are psd inequalities.

Imposing Y =0 strengthens the RLT relaxation of QPB considerably [1, 6, 24,
29]. When n = 1, the relaxation is exact: Figure 1 shows that QPBj is completely
described by the RLT inequality y;1 < 1 and the convex quadratic constraint y;; >
x2. Anstreicher and Burer [3] showed that the relaxation is exact if and only if n < 2.
For n = 3, they found the following four inequalities, which are valid for QP Bs but
cut off points satisfying the RLT and psd constraints:

Y11+ Y22 + Y33 < Y12 + Y13 + Y23 + 1,
Y11 + Yoo + Y33 + Y12 + Y13 < 221 + X2 + 23 + Yo3,
Y11 + Y22 + Y33 + Y12 + Y23 < 1 + 2%2 + T3 + Y13,
Y11 + Y22 + Y33 + Y13 + Y23 < T1 + T2 + 2T3 + Y10

2.3. QPB as a generalization of UBQP. A folklore result, possibly due to
Rosenberg [21], is that QPB includes unconstrained Boolean quadratic programming
(UBQP) as a special case. An instance of UBQP takes the form

min {c¢"z + 2" Qz : 2 € {0,1}"},

where ¢ € R" and Q € R™™" as before. To reduce a UBQP instance to a QPB
instance, it suffices to add the penalty term M > | (z;—x?) to the objective function,
where M is a large positive integer. Note that the resulting QPB instance has a
concave objective.

Another folklore result (e.g., Barahona, Jiinger, and Reinelt [4], De Simone [8],
and Padberg [18]) is that UBQP is equivalent to the well-known maz-cut problem.
Since the max-cut problem is A'P-hard in the strong sense (Garey, Johnson, and
Stockmeyer [11]), so is UBQP, and therefore so is QPB, even in the concave case.

2.4. The Boolean quadric polytope. Padberg [18] associated a family of zero-
one polytopes with UBQP, which he called Boolean quadric polytopes. The Boolean
quadric polytopes are defined as

BQP, = conv {(z,y) € {0,13" () gy = wiay (v <i < j<m)}.
Note that, unlike in the case of QPB, there are no variables y;;. (There is no need

for them, since 2? = x; when x; is binary.) We remark that BQP, is nothing but the
polytope presented in Figure 3.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



NONCONVEX QP WITH BOX CONSTRAINTS 1077

In addition to the RLT inequalities, Padberg defined various facet-inducing in-
equalities for BQP,, called triangle, clique, cut, and generalized cut inequalities. The
triangle inequalities consist of the following inequalities for all triples (3, j, k):

(6) Ty +x; + Tk < Yij + Yk Y+ 1
(7) Yij + Yik < T + Yjk-

We remark that the inequalities (2)—(5) are dominated by triangle inequalities.

Further valid inequalities for BQ P,, have been introduced, for example, by Boros
and Hammer [5] and Sherali, Lee, and Adams [25]. Still more inequalities can be
derived from the fact that BQP, is an affine image of the well-known cut polytope
(see De Simone [8] and Deza and Laurent [10]).

Yajima and Fujie [29] proved that all of the inequalities of Padberg, along with
some more general inequalities called cut-type inequalities, are valid for QP B,, as well
as for BQP,,. We extend this result significantly in section 5.

3. Fundamental properties of QPB,,. In this section, we establish some
fundamental properties of QP B,,. Throughout the section, we denote by S the set of
all feasible solutions to QPB in the extended (z,y)-space. That is,

n«;l)

S = {(x,y) e (0,17 ¢ gy = agm; (V1 <i<j < n)}.

Note that S contains an uncountable number of members.

3.1. Dimension. We begin by determining the dimension of QPB,,.
LEMMA 1. QPB,, is full-dimensional (i.e., of dimension n + (”;rl))
Proof. Consider the following members of the set S:

the origin (i.e., all variables set to zero);

e for i =1,...,n, the point having x; = y;; = 1 and all other variables zero;
e fori=1,...,n, the point having x; = %, Yii = i, and all other variables zero;
o for 1 <4 < j < n, the point having x; = z; = 1, y; = y;; = ¥;; = 1, and all

other variables zero.
These n + (";‘1) + 1 points are easily shown to be affinely independent. O
Being full-dimensional is a desirable property to have, because it means that each
face of maximal dimension is defined by a unique linear inequality (up to scaling by
a constant).

3.2. Extreme points and vertices. Next, we recall some other terms from
convex analysis. Let K € R be a full-dimensional convex set. An eztreme point of
K is a point in K that cannot be expressed as a convex combination of other points
in K. A vector v € R? is said to be normal at an extreme point p if vTp’ < vTp for
all p’ € K. If there exist d linearly independent normal vectors at p, then p is called
a vertex of K.

Laurent and Poljak [14] characterized the extreme points and vertices of the set
of correlation matrices. Here, we do the same for QPB,,.

LEMMA 2. The extreme points of QPB,, are the members of S.

Proof. By definition, every extreme point of QPB,, is a member of §. We show
that every member of S is an extreme point. Let (Z,7) be an arbitrary point in
S. Consider the QPB instance that arises when the objective function is equal to
S (#2—2%;x;). Minimizing this function is equivalent to minimizing > | (z;— ;).
Therefore, T is the unique optimal solution to the given instance. Equivalently, (z, )
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1078 SAMUEL BURER AND ADAM N. LETCHFORD

is the unique point in QP B,, that minimizes the linear function Z?Zl(y” — 2%;24).
Thus, (Z,7) is an extreme point of QPB,,. a0

Figure 1 enables one to visualize this result for the case n = 1: the members of
S form a segment of a parabola, and it is clear that every point on that parabola
segment is an extreme point of QP B;.

THEOREM 1. An extreme point (Z,y) of QPB,, is a vertex if and only if it is
binary, i.e., if and only if T € {0,1}™.

Proof. First we prove sufficiency. Let (Z,y) be a member of S that is binary.
Assume without loss of generality that z; = 0 for ¢ = 1,...,q and Z; = 1 for i =
g+ 1,...,n. Then (z,y) satisfies the following valid inequalities at equality:

z; >0fori=1,...,q;

r<lfori=q+1,...,n;

yi; > 0for1 <i<qgandi<j<n;

yiy <lforg+1<i<j<n.

These inequalities are linearly independent, and there are n + (”'2"1) of them. Thus,
there exist n + ("3"') independent normal vectors at (z,). So (z,7) is a vertex.

Now we prove necessity. Let (Z,§) be an extreme point, and suppose that Ty €
(0,1) for some k. Let € be a small positive quantity. If we increase x by €, we obtain
a second extreme point, say, (z7,y™), that is identical to (Z, %) except that

° xz is increased by e,
° y:,rc is increased by ez; for all i # k,
e y;,. is increased by 2ez, + €2.
Similarly, we can create a third extreme point, say, (x~,y ™), by decreasing x, by e.

Now let (v, w) be a normal vector at (z,%). By definition, we must have vTat +

wlyt <vTz4+wTgand vl e~ +wTy~™ < vTZ4+wTy, where wTyt 1= di<i<j<n wijygg,

and wTy~ and wTy are defined similarly. But this implies that the following two
inequalities must hold:

v + Z TiWik + (25?}~C + e)wkk <0,
itk
— Vg — Zjiwik — 2z — €wr< 0.
itk

Since € can approach zero arbitrarily closely, this implies that all normal vectors satisfy
the equation

v + Z@-wik + 2Zpwir = 0.
ik
Thus, there cannot exist n + ("1') linearly independent normal vectors. 0O
Indeed, in Figure 1 one sees that there are only two vertices, namely, the points
at which z; € {0,1}.

3.3. Invariance under permutation and switching. It is known (see, e.g.,
Deza and Laurent [10]) that BQP, is invariant under two transformations, called
permutation and switching. Here, we adapt these concepts in a straightforward way
to QPB,.

DEFINITION 1 (permutation). Let 7 : {1,...,n} — {1,...,n} be an arbitrary
n+1 n+1
permutation. Consider the linear transformation ¢™ : ]R”Jr( 5) e ]R”Jr( 2) that
e replaces x; with T for alli € {1,...,n},
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NONCONVEX QP WITH BOX CONSTRAINTS 1079

o replaces yij with Yr (i) x5 for all1 <i < j < n.
By abuse of terminology, we call this transformation itself a permutation.

DEFINITION 2 (switching). For an arbitrary set S C {1,...,n}, let ¢9 :
n+1

R o RS e the affine transformation that
replaces x; with 1 — x; for alli € S,
replaces y;; with 1 — 2x; + yi; for all 1 € S,
replaces y;; with x; — y;; for alli € {1,...,n}\ S and all j € S,
replaces y;; with 1 — x; — xj + ;5 for all {i,j} C S,
o leaves all other x; and y;; variables unchanged.
Applying the transformation 1° is called switching (on S).

It is obvious that QPB,, is invariant under permutation. (That is, for any n and
any permutation 7 of {1,...,n}, we have ¢"(QPB,,) = QPB,.) We now show that
the same holds for switching.

PROPOSITION 1. QPB,, is invariant under switching. That is, for any n and any
Sc{1,...,n}, v (QPB,) = QPB,.

Proof. Let (Z,y) be an extreme point of QPB,,. From Lemma 2, we have §;; =
z;z; for all 1 < i < j < n. Now let (%,7) = ¥°(Z,9). From the definition of
switching, one can easily show that 0 < Z; <1 for 1 < i < n, and that g;; = 2;%;
for 1 <4 < j < n. Thus, from Lemma 2, (Z,y) is an extreme point of QPB,,. This
shows that every extreme point of 1/° (QPB,,) is an extreme point of QPB,,. A similar
argument shows that every extreme point of QPB,, is an extreme point of *(QPB,,).
Since 1°(QPB,,) and QPB,, are convex and have the same extreme points, they are
equal. O

Just as in the case of BQP,, the permutation and switching transformations
enable one to convert valid linear inequalities into other valid linear inequalities that
induce faces of the same dimension. For example, if we take the RLT inequality
yi; > 0 and switch on {i} or {j}, we obtain the RLT inequalities y;; < x; and y;; < z;,
respectively. If we switch on {i,j}, we obtain the RLT inequality y;; > z; +x; — 1.

Note that the permutation transformation, unlike switching, is an isometry (that
is, it preserves distances and angles). It is known that the permutations are the only
isometries of BQP, (see [10], p. 410). It is not hard to show that the same holds for
QPB,.

4. On the RLT and psd inequalities. In this section, we examine the RLT
and psd inequalities. In subsection 4.1 we show that most of the RLT inequalities
induce facets of QPB,,. In subsection 4.2 we show that the psd inequalities induce
not facets but faces of high dimension. As a by-product of our analysis, we obtain an
“extension” result, which is presented in subsection 4.3.

4.1. The RLT inequalities. We now show that most of the RLT inequalities
induce facets of QPB,,.

ProposITION 2. The RLT inequalities of the form y; < x; induce facets of
QPB,, and so do all of the RLT inequalities with i # j (when n > 2).

Proof. An RLT inequality of the form y;; < x; is satisfied at equality by all but

one of the n + (”'QH) + 1 vectors listed in the proof of Lemma 1. (Indeed, the only
vector that does not satisfy it at equality is the one that has x; = 1/2 and y;; = 1/4.)
The same is true for an RLT inequality of the form y;; > 0 with j # 4. (Indeed, the
only vector that does not satisfy it at equality is the one that has z; = z; = y;; = 1.)
The remaining RLT inequalities with j # ¢ are switchings of this latter inequality,

and therefore they too induce facets. |
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1080 SAMUEL BURER AND ADAM N. LETCHFORD

The only remaining RLT inequalities are those of the form y; > 0 and y;; >
2x; — 1. Since these RLT inequalities are also psd inequalities, we deal with them in
the next subsection.

4.2. The psd inequalities. Next, we will determine the dimension of the faces
of QPB,, induced by the psd inequalities (1). We will find the following (trivial)
lemma useful.

LEMMA 3. An extreme point (x,y) of QPB, satisfies a psd inequality (1) at
equality if and only if it satisfies the equation vz 4+ s = 0.

We will also find it helpful to let F(v, s) denote the face of QP B,, induced by the
psd inequality and K (v, s) denote the set of associated x vectors. That is,

F(v,s) = {(a:,y)EQPBn:vTx+8:O},
K(v,s)={z€[0,1]" :v "z +5=0}.

It turns out that the dimension of K (v, s) plays a key role.

LEMMA 4. If the dimension of K(v,s) is less than n — 1, then the psd inequality
(1) 4s dominated by the RLT inequalities.

Proof. 1If the dimension of K(v,s) is —1 (i.e., K(v,s) = ), the psd inequality
does not even induce a nonempty face, and the result is trivial. So suppose that the
dimension is between 0 and n — 2. In this case, since the equation v7x + s = 0 defines
an affine subspace of dimension n — 1, K (v, s) must be contained in the boundary of
[0, 1]™ and hence induces a face of the hypercube that is not a facet. By switching, we
can assume that the face contains the origin. This implies that s = 0 and v € R} UR”.
(Indeed, if v contained a mixture of positive and negative entries, then K (s, v) would
have dimension n — 1, a contradiction.) The psd inequality is then easily shown to be
a nonnegative linear combination of the RLT inequalities of the form y;; > 0. d

When the dimension of K(v,s) is n — 1, on the other hand, the psd inequality
induces a face of high dimension.

THEOREM 2. IfK(v, s) has dimensionn—1, then F(v, s) has dimension (”;rl) —1.

Proof. First we show that the dimension of F(v,s) is at most (”'QH) — 1. From
Lemma 3, all extreme points of F (v, s) satisfy the equation v7x + s = 0. Multiplying
this equation by each variable in turn and then using the identities y;; = x;x;, we
obtain n additional equations of the form

Zvjyij-FSCCi:O (i=1,...,n).
j=1

These n + 1 equations are easily shown to be linearly independent. The upper bound
on the dimension then follows from Lemma 1.

Now we show that the dimension of F(v,s) is at least ("}') — 1. Let z* be an
arbitrary point lying in the relative interior of K(v,s). Let v',...,v""1 € R" be a
set of vectors that are orthogonal to each other and to v. Finally, let € be a small

positive quantity. Consider the following (”'QH) — 1 vectors in [0, 1]™:

o ¥
e r*t+ev forr=1,...,n—1,
e ¥ 4+ 20" forr=1,...,n—1,

o r*te(v"+v¥)forl<r<s<n-—1L1
All of these vectors lie in K (v,s). The corresponding (”;rl) — 1 extreme points of
QPB,, therefore lie in F'(v,s). They can be shown to be affinely independent. O
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Now note that when the dimension of K (v, s) is n — 1, we have two possibilities:
either K (v, s) contains an interior point of the unit hypercube (i.e., there exists some
x* € (0,1)" such that vT2* + s = 0), or K(v,s) is a facet of the unit hypercube.
In the latter case, the psd inequality is nothing but an RLT inequality of the form
yii > 0 or y;; > 2x; — 1. Thus, those particular RLT inequalities do not induce facets
of QPB,,.

Using known results on the positive semidefinite cone (see, e.g., Pataki [19]), one
can also show the following. We omit the proofs for brevity.

ProposITION 3. If K(v,s) contains an interior point of the hypercube, then
F (v, s) is a mazimal face of QPB,, (i.e., it is not contained in any other face). More-
over, the psd inequality is nondominated (i.e., it is not a convex combination of other
valid inequalities).

PROPOSITION 4. If K(v, s) is a facet of the hypercube (i.e., if the psd inequality is
an RLT inequality), then F(v, s) is contained in the facet induced by an RLT inequality
of the form y;; < x;. Yet, the psd inequality is still nondominated.

This last result may seem counterintuitive but is also apparent in Figure 1 for n =
1. Specifically, taking (v,s) = (1,0), we have K(v,s) = {0} and F(v,s) = {(0,0)},
and the associated psd inequality is the RLT constraint y1; > 0. The facet induced
by y11 < 21 is {(z,y) € [0,1]? : = y}, which contains F(v,s). However, y11 > 0 is
still nondominated because it cannot be written as the convex combination of other
valid (linear) inequalities.

4.3. Canonical extension. Our analysis of the psd inequalities led us to derive
an additional result that we describe in this subsection. Our starting point is the fact
that if the linear inequality

n
i+ > Biyi <7
i=1

1<i<j<n

is valid for QP B, then it is also valid for QP B, for any n’ > n. That is to say, given
any valid inequality for QP B,,, we can construct a valid inequality for Q PB,,s simply
by introducing zero coefficients for the additional variables. Padberg [18] called the
resulting inequality the “canonical extension” of the original inequality.

To explain our result, we will find it helpful to use the term codimension: a face of
QP By, has codimension k if it has dimension n+ (”'2"1) +1—k. (Thus, the codimension
of a facet is 1, and the codimension of a psd inequality is at least n + 1.) Our result
essentially states that the codimension of the canonical extension of an inequality is
identical to the codimension of the original inequality.

We will need the following lemma.

LEMMA 5. Suppose that F is a face of QP B,, whose codimension is no more than
n. Then F contains n+ 1 extreme points, say, (z*,y*) for k =1,...,n+1 such that
the vectors z',..., 2" ! are affinely independent in R™.

Proof. If this were not so, then the face would satisfy an equation of the form
vT2x = 5. The face would then be contained in the face induced by a psd inequality,
and therefore have codimension at least n + 1. d

With this lemma, we can prove the following theorem.

THEOREM 3. Suppose that the linear inequality

n
Zaixi + Z Bijyi; <y
i=1

1<i<j<n
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1082 SAMUEL BURER AND ADAM N. LETCHFORD

induces a face of QPB,, of codimension k, where 1 < k <n. Then it also induces a
face of QP By, of codimension k for all n’ > n.

Proof. By induction, it suffices to prove that the inequality induces a face of
QPB, 1 of codimension k. Let F be the original face of QPB,,, and let F’ be the
face of QPB,,+1 induced by the inequality. Since F' has codimension k, it contains
n + (”;rl) + 1 — k affinely independent extreme points of @QPB,. Each of these can
be converted into an extreme point of QPB,,41 by setting x,41 = 0 and y; 41 =0
fori=1,...,n+ 1. In this way, one obtains n + (”;rl) + 1 — k affinely independent
extreme points of QP B, 1 that lie in F’. To complete the proof, we need another
n + 2 such points.

Let 2',...,2""! € R" be the vectors mentioned in Lemma 5. We construct n 4+ 1
modified vectors in R™*!, say, #1,..., 7"+, by setting

e il =abfork=1,....n+landi=1,...,n,

ek  =1fork=1,...,n+1.
Now note that, for Kk = 1,...,n + 1, we can construct an extreme point (;ﬁk, gk) of
QPB,, 1 that lies in F’. These n + 1 extreme points, together with the original
n+ (”;rl) + 1 — k ones, are easily shown to be affinely independent.

Finally, we construct one more extreme point of QPB, 1 as follows. Let Z be
identical to 7!, apart from the fact that Z,4y1 = 1/2. The corresponding extreme
point of QPB,, 11, say, (Z,7), also lies in F’. Tt is affinely independent of the other
points mentioned, since it is the only one that does not satisfy yn41,n+1 = Zn41- 0

5. Facets from the Boolean quadric polytope. As mentioned in subsection
2.4, Yajima and Fujie [29] proved that certain valid inequalities for BQP, are valid
also for QPB,,. In this section, we extend this result in several ways.

5.1. BQP, as a projection of QPB,,. Recall that QPB,, and BQP, “live”
in RnJr(n;l) and RnJr(g) , respectively. The following proposition states that the pro-
jection of QPB, onto R™"(2) is nothing but BQP,.

PROPOSITION 5. The projection of QPB,, onto Rn+(g), i.e., the set

conv{(x,y) eo, 1]"*(3) sy =aixy (1<i<)j< n)},

is equal to BQP,.

Proof. Let (Z,7) € [0, 1]"+(75) lie in the projection, and suppose that Z is frac-
tional, i.e., that zx € (0,1) for some 1 < k < n. Let 2% and x! be the vectors
obtained from z by changing x; to 0 or 1, respectively, and let (z%,%°) and (z!,y?!)
be the corresponding points in the projection. (That is, let y7; = 729 and y}; = zjx;]
for 1 <i < j <mn.) Finally, let A = Z. One can check that

Thus, (Z,y) is a convex combination of other points in the projection and therefore
cannot be an extreme point of the projection. Therefore, all extreme points of the
projection are binary, and the projection is nothing but BQPF,,. d

Proposition 5 implies that if one faces an instance of QPB in which the main
diagonal of the quadratic cost matrix @ is zero, then one can assume that the variables
are binary (and therefore solve an instance of UBQP). For our purposes, the following
consequence is more important.
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COROLLARY 1. If the linear inequality

Zaixi + Z Byi; <
i=1

1<i<j<n

is valid for BQP,, then it is valid for QPB,, as well.
This implies the above-mentioned result of Yajima and Fujie [29].
From now on, we let proj(z,y) denote the linear operator that projects points in

R ("2") onto R*(2) by simply dropping the components y;; for all 1 < ¢ <n. The
following proposition shows that there is another link between QPB,, and BQP,.

PROPOSITION 6. Let F be the face of QP B,, defined by the equations y;; = x; for
all i. Then proj(F') = BQP,.

Proof. The only members of S that satisfy y;; = x; for all ¢ are the binary ones.
Thus, the extreme points of F are the binary members of S. Since proj(F) is the
convex hull of the projections of these binary members, it is equal to BQP,. d

Thus, BQP, is simultaneously a projection of QPB,, and a projection of a face
of QPB,,. This fact too can be seen clearly in Figure 1: whether we project the
whole of QP By or just the face F onto R, we still obtain the line segment defined by
0 S T S 1.

5.2. Which BQP facets yield QPB facets? Corollary 1 has established
that an inequality, which is valid for BQP,, may be extended to a valid inequal-
ity for QPB,, by simply introducing zero coefficients for the additional variables.
Even though these two inequalities act in different spaces, we think of them—and for
convenience refer to them—as the same inequality. We ask the reader to keep this
terminology in mind for the proper interpretation of Lemma 6 and Theorem 4 below.

The RLT inequalities with j # i are examples of inequalities that induce facets
of both BQP, and QPB,. In this subsection, we give a necessary and sufficient
condition for an inequality to have this property. We will need the following lemma.

LEMMA 6. Suppose we are given an inequality that induces a face of BQP,.
Moreover, let (Z,7) be a member of S, and suppose that Ty, € (0,1) for some 1 < k <
n. Let (2°,4°) and (x',y') be defined as in Proposition 5. Then (Z,%) satisfies the
inequality at equality if and only if (2°,y°) and (z',y') do.

Proof. As in the proof of Proposition 5, proj(z,y) is a convex combination of
proj(z®,y°) and proj(z!,y'). Thus, the slack of the inequality at (Z,7) is a convex
combination of the slacks of the inequality at (z°,4°) and (z%,y'). 0O

We then have the following result.

THEOREM 4. Suppose an inequality induces a facet of BQP,. A necessary and
sufficient condition for it to also induce a facet of QP By, is the existence of n extreme
points of QPB,,, say, (x',y%),...,(z",y"), such that

e cach satisfies the inequality at equality;
o 2 € (0,1) fori=1,...,n;
. x; € {0,1} fori=1,...,n and j # i.

Proof. First we prove necessity. For any ¢ € {1,...,n}, there must exist an
extreme point of QPB,, that lies on the face and such that z; is fractional. (If this
were not so, then all extreme points of QP B,, lying on the face would satisfy the RLT
inequality y;; < x; with equality.) Now, by a repeated application of Lemma 6 with
k # i, we can convert the ith such point into the desired point (z°, ).

Next, we prove sufficiency. Since the inequality induces a facet of BQPFP,, there
exist n + (Z) affinely independent binary extreme points of QPB,, lying on the face.
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For the inequality to induce a facet of QPB,, one needs an additional n affinely
independent extreme points. To see that (z!,y!),..., (z",y") are the desired points,
note that, for any i, the point (z%,%%) is the only point in the collection that does not
satisfy the equation y;; = z;. d
It is possible to express the condition in Theorem 4 entirely in terms of BQP,.
COROLLARY 2. Suppose an inequality induces a facet of BQP,. A necessary
and sufficient condition for it to also induce a facet of QPB, is that there ezist
2n wvertices of BQP,, say, (z',9%),...,(@",y") and (2',9%),...,(2",9"), with the
following properties:
e cach satisfies the inequality at equality;
. i:; :a’:z- fori=1,...,n and j #1i;
e Zi=0andii=1fori=1,...,n.
Proof. To create the desired vertices of BQP,, it suffices to take the n extreme
points of QPB,, described in Theorem 4, decompose each of them into two binary
extreme points of QPB,, as in Lemma 6, and then project the resulting 2n extreme

points onto RH() O

5.3. A huge class of facets. To illustrate the ideas given in the previous sub-
section, we now consider a well-known class of valid inequalities for BQP,,, due to
Boros and Hammer [5], and derive a surprisingly simple necessary and sufficient con-
dition for them to induce facets of QP B,,. The class of inequalities concerned is given
in the following proposition.

PROPOSITION 7 (Boros and Hammer [5]). For anyv € Z" and s € Z, all extreme
points of BQP, satisfy (vI'x + s)(vTx +s—1) > 0. Thus, the inequality

(8) Zvi(vi +2s—1)z; +2 Z v;0Yi5 > s(1 — )

i=1 1<i<j<n

is valid for BQP,.

The inequalities (8) do not always induce facets of BQP,, but they do under
certain conditions (see De Simone [9] and Deza and Laurent [10]). Moreover, they
include a variety of facet-inducing inequalities for BQ) P, as special cases. This includes
the triangle, clique, cut, and generalized cut inequalities of Padberg [18] and the
inequalities introduced in Sherali, Lee, and Adams [25], which were called cut-type
inequalities by Yajima and Fujie [29]. The cut-type inequalities are the special case
obtained when v € {0, £+1}" and induce facets under mild conditions.

As mentioned in subsection 2.4, Yajima and Fujie [29] proved that the cut-type
inequalities are valid for QPB,,. We now give a much stronger result.

THEOREM 5. Suppose that an inequality of the form (8) induces a facet of BQP,,.
It induces a facet of QP By, as well if and only if v € {0, £1}", i.e., if and only if it
is a cut-type inequality.

Proof. Tt follows from the derivation of the inequality (8) that a vertex of BQP,
satisfies it at equality if and only if it satisfies v7x + s € {0,1}. Suppose that the
inequality induces a facet of both BQP, and QPB,. Then there exist 2n extreme
points of BQP,, say, (z1,4'),...,(z",y") and (2',9%),..., (2", 9"), with the proper-
ties described in Corollary 2. For any given 1 <14 < n, we have three possible cases:

o vzt =T34 € {0,1}, in which case v; = 0;
e vTz* =0 and v7#* = 1, in which case v; = 1;
e vz =1 and v7&* = 0, in which case v; = —1.
Thus, v € {0, +1}", and the inequality is a cut-type inequality.
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Similarly, when v € {0,£1}", it is easy to construct the 2n vertices of BQP,
required by Corollary 2. Thus, if a cut-type inequality induces a facet of BQPF,, it
also induces a facet of QPB,,. |

We know of other inequalities that induce facets of both BQP,, and QPB,,, along
with other inequalities that induce facets of BQ P, but not of QPB,,. We do not go
into details for the sake of brevity.

6. A classification of valid inequalities for QPB,,. Let Q. g(x,y) < 7 be
any valid linear inequality for QPB,,, where a € R", 3 € Rn+(n2ﬂ), ~v € R, and

Qaﬁ z,y) Zazxz + Z ﬁuyzg

1<i<j<n

Also, define the corresponding quadratic form

qa,ﬁ Zazfz + Z ﬁz]fzx]

1<i<j<n

1Y

Let us call a valid linear inequality Q(«, 5) < v “concave,” “convex,” or “indefinite”
according to whether the quadratic form g, g(z) is concave, convex, or indefinite,
respectively. In the following three subsections, we characterize the inequalities of
these three different types. Then, in subsection 6.4, we use these characterizations to
shed light on the structure of QP Bs.

In a couple of places, we will use the following (easy) lemma.

LEMMA 7. The mazimum value of Qa.g(z,y) over QPB,, equals the mazimum
value of ga,p(x) over [0,1]".

6.1. The concave case. First we deal with the concave case. The following
proposition shows that the only nonredundant concave inequalities are, essentially,
the psd inequalities.

PROPOSITION 8. Suppose that Qq.5(x,y) < v is valid for QPB,, and that gq s(x)
is concave. Then Qu g(x,y) < v is valid for the following convex set:

{(x,y) e0,1" xR("Z) . ¥ > o} ,

where Y is defined as in subsection 2.2.
Proof. Let (x,y) with associated Y be arbitrary in the above convex set. Because
¢a,3(z) is concave, it can be expressed as

Ga,p(x) = ofz + 27 Bz,
with symmetric, negative semidefinite matrix B (defined easily in terms of ). Like-
wise,
Qusley) =Tz + Be,

where BeY := Z B;;Y;;. Note that 2T Bx = B e zzT also. Thus,

ij=1
Qus(r.y) = aTat By
=o'z +Be (Y —zz?)+2"Bx
<oz +2TBz
= qo.p(2);

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1086 SAMUEL BURER AND ADAM N. LETCHFORD

where the inequality follows from B < 0 and Y — zzT = 0. Now, by Lemma 7, the
validity of Qa,g(z,y) < v for QPB,, ensures that ¢ g(r) < for any = € [0,1]". This
proves the result. a

6.2. The convex case. Now we move on to the convex case. The following
proposition shows that the only nonredundant convex inequalities are the inequalities
that come from BQP,, together with certain RLT constraints. (This result was
conjectured to us by Anstreicher [2].)

PROPOSITION 9. Suppose that the inequality Qo p(z,y) < v is valid for QPB,
and that o g(x) is convex. Then Qa.g(x,y) < is valid for the following polytope:

{(z,y) : proj(z,y) € BQP,, yiui <x; (1 <i<n)}.

Proof. Because g 5(x) is convex, it attains its maximum over [0,1]" at {0,1}",
i.e., at one of the 2" extreme points. This maximum is less than or equal to v because
Qa,p(z,y) <7 is valid for QPB,, by assumption. So

v > e Z iz + Z Bijxix;

i<j

n

= max Z(al + Bi)x; + Z Bijzix; |,

0,1}
»€{0.1} =1 1<J

which shows that the inequality

n

9) Z(Oéi + Bii)xi + Z Bijyiz <

i=1 i<j

is valid for BQP,.
Now let (x,y) be such that proj(x,y) € BQP, with y;; < x; for all 4, and note

that 8;; > 0 for all ¢ because ¢q,(z) is convex. We wish to show that Q. g(z,y) < v

Qa,p(x,y) Zaiffi + Zﬁijyij

i<j
= Z ;T + Zﬂmyz] + Zﬂu Ty — X + yii)
i=1 i<j
< Z o + Zﬁuyu + Zﬂnﬁz
i=1 i<j
= Z(O&z + ﬁu T + Zﬂwym
i=1 i<j
<7

where the final inequality follows by the validity of (9) for BQP,. O

6.3. The indefinite case. Finally, we consider the indefinite case. We will need
the following standard result.
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LEMMA 8. Suppose qo () is indefinite. Then its mazimum over [0,1]"™ is nec-
essarily obtained on the boundary.

Thus, checking whether Qq,5(z,y) < 7 is valid for QPB,, amounts to checking
that go g(x) does not exceed ~y on each of the 2n facets of [0, 1]".

To formalize ideas, for all i = 1,...,n and each § € {0,1}, define the quadratic
function

q;fﬁ(j) = qa,ﬁ(jla e 7:%1'717 67 :Eh cee 7£TL71)7

where 7 € R"™". One can think of qfl’:sﬁ(j:) as ¢a,p(x) with the value d substituted
for x;, and so one can work out an explicit representation in terms of linear (Z;),
quadratic (Z;Z;), and constant terms (although we do not provide the full representa-
tion here). Note that the constant term is ;6 + 3;;62. We also define ngﬁ(j, J) to be
the linear function arising from the above explicit representation—without constant
term—when z;z; is linearized by g;;. The following result now follows directly from
these constructions.

PROPOSITION 10. The inequality Qa g(x,y) < vy, with go.p(x) indefinite, is valid
for QPB,, if and only if the inequality

(10) Qi}?ﬁ(i’,ﬂ) <y — ;b — fBud?

is valid for QPBy_1 for alli=1,...,n and ¢ € {0,1}.

Proof. By Lemma 7, Qo g(x,y) < 7 is valid for QPB,, if and only if ¢, g(z) <7
for all z € [0,1]". By Lemma 8, this occurs if and only if q;’fsg(;i) <y — ;0 — B;i6?
for all # € [0,1]"~! and for each i and &, which in turn occurs only under the stated
condition. d

In addition, Proposition 10 provides a finite recursive procedure to check the
validity for QPB, of any given indefinite inequality Qag(z,y) < 7: one simply
checks that each of the 2n inequalities of the form (10) is valid for QPB,,_;. The
recursion is well defined because the validity of any inequality for QP B; can be easily
checked.

Propositions 8-10 also give rise to a semi-infinite description of QPB,,.

COROLLARY 3. Forn > 2, let V be the collection of all (o, 8,7) such that ¢ g(z)
is indefinite and Q;"?ﬁ(a’:, ¥) < v —a;0 — 3462 is valid for QPB,,_1 for alli=1,...,n
and 6 € {0,1}. Then QPB,, equals

. yi <x; (1 <i<n),
(@.9) € [0, () . ¥ =0, proj(x,y) € BQP,,
Qa,ﬁ(may)ﬁ'y (047577)612

<
Y

The semi-infinite nature of this description certainly makes it difficult to work with
directly, but it is interesting that the description reduces to a finite one when n = 2
(Anstreicher and Burer [3]). In particular, for n = 2, proj(z,y) € BQP, and y; < x;
constitute precisely the RLT constraints, while the constraints for (o, 8,7) € V are
redundant. Perhaps it is possible to simplify the description for larger n.

6.4. More on QP Bjs. Consider the following convex set:

_ yi < (1<i<n)
(11) On = (x,y) S [0, 1]n+( 2 ) : }Af =0
proj(z,y) € BQP,
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From the results given so far, Q,, contains QPB,,. Moreover, one would expect Q,,
to be a “tight” approximation to QPB,,. Indeed, then the following hold:
e Q, satisfies all valid inequalities for QPB,, that involve at most two indices,
i.e., all inequalities of the form

aimi + o + Biiyii + Bigyi; + B5¥55 < -

(This follows from the result of Anstreicher and Burer [3] mentioned in sub-
section 2.2.) In particular, it satisfies all RLT inequalities.
e O, satisfies all valid inequalities for QP B,, that have zero coefficients for the
variables y;;. (This follows from Proposition 5.)
o Q, satisfies all nonredundant “concave” and “convex” valid inequalities for
QPB,, (as shown in subsections 6.1 and 6.2).
Moreover, Q3 gives an even tighter approximation to Q PBs than the one studied in
Anstreicher and Burer [3]. (This is so since the inequalities (2)—(5) are dominated by
the triangle inequalities of Padberg [18].)

A natural question to ask at this point is whether QPB3 = Qs. In fact, it
turns out that QP Bj is strictly contained in Q3. To show this, we use the recursive
procedure for checking validity discussed before Corollary 3.

Define

o = (Oél,ag,ag,) = (37 170)7
ﬂ = (ﬁllvﬁleﬁQQv61376237633) = (_2257 _6705 _65 _15 1)7
0

Using the recursive procedure, one can show that Q. g(z,y) < v is valid for QPBs.
We next consider the maximization

max {Qaﬂ(xay) : (ﬁvy) € Q3}

Using the fact that BQPs is completely described by RLT and triangle inequalities,
one can easily verify that the fractional point

T = (,131,132,133) = %(17 17 1))
Y= (y1179127922791379237933) = %(27053705 173)

is feasible with objective value 19/18 > 1. (Note that the optimal objective value
is approximately 1.0929.) It follows that Q. g(x,y) < 7 is not valid for Qs, which
proves that QP Bs is strictly contained in Qs.

7. Concluding remarks. Given the fact that QPB is a fundamental and much-
studied problem in global optimization, it is surprising that many of its basic prop-
erties were not established before now. We have addressed this gap in the literature,
using the tools of polyhedral theory and convex analysis.

There are some interesting topics for future research. For example, can one find
an explicit description of QPBs in terms of linear inequalities? In addition, if an
inequality induces a facet of BQ P, but not of QPB,, can it be strengthened in some
way so that it induces a facet of QPB,,? Finally, the algorithmic implications of our
results should be investigated.

Acknowledgment. Thanks are due to Kurt Anstreicher and to two anonymous
referees.
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