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A SEMIDEFINITE RELAXATION FOR SUMS OF
HETEROGENEOUS QUADRATIC FORMS ON THE STIEFEL

MANIFOLD\ast 

KYLE GILMAN\dagger , SAMUEL BURER\ddagger , AND LAURA BALZANO\dagger 

Abstract. We study the maximization of sums of heterogeneous quadratic forms over the Stiefel
manifold, a nonconvex problem that arises in several modern signal processing and machine learning
applications such as heteroscedastic probabilistic principal component analysis (HPPCA). In this
work, we derive a novel semidefinite program (SDP) relaxation of the original problem and study a
few of its theoretical properties. We prove a global optimality certificate for the original nonconvex
problem via a dual certificate, which leads to a simple feasibility problem to certify global optimality
of a candidate solution on the Stiefel manifold. In addition, our relaxation reduces to an assignment
linear program for jointly diagonalizable problems and is therefore known to be tight in that case.
We generalize this result to show that it is also tight for close-to jointly diagonalizable problems,
and we show that the HPPCA problem has this characteristic. Numerical results validate our global
optimality certificate and sufficient conditions for when the SDP is tight in various problem settings.

Key words. semidefinite programming, heteroscedastic probabilistic principal component analy-
sis, Stiefel manifold optimization
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1. Introduction. This paper studies the problem known in the literature as
the maximization of sums of heterogeneous quadratic forms over the Stiefel mani-
fold1 [6, 7, 14, 35]. Specifically, given d \times d symmetric positive semidefinite (PSD)
matrices M1, . . . ,Mk \succeq 0 for k < d, we wish to maximize the convex objective func-
tion

\sum k
i=1u

\prime 
iMiui over the nonconvex constraint that U = [u1 \cdot \cdot \cdot uk] \in \BbbR d\times k has

orthonormal columns:

max
U\in St(k,d)

k\sum 
i=1

u\prime 
iMiui,(1.1)

where St(k, d) = \{ U \in \BbbR d\times k :U\prime U = Ik\} denotes the Stiefel manifold. This problem
arises in modern signal processing and machine learning applications like heteroscedas-
tic probabilistic principal component analysis (HPPCA) [24, 25], heterogeneous clut-
ter in radar sensing [37], and robust sparse PCA [13]. Each of these applications
involves learning a signal subspace for data possessing heterogeneous statistics.
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is not separable in each ui. Indeed, the objective in (1.1) is a homogeneous polynomial in the entries
of U since all terms are degree 2.
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1092 KYLE GILMAN, SAMUEL BURER, AND LAURA BALZANO

In particular, HPPCA [25] models data collected from sources of varying quality
with different additive noise variances and estimates the best approximating low-
dimensional subspace by maximizing the likelihood, providing superior estimation
compared to standard PCA. Specifically, we are given L data groups (Y1, . . . ,YL),
where each Y\ell \in \BbbR d\times n\ell represents a matrix of n\ell samples of a d-dimensional sig-
nal plus additive Gaussian noise with variance v\ell . Using second-order statistics
A\ell :=

1
v\ell 
Y\ell Y

\prime 
\ell \succeq 0 for \ell \in [L] and known positive weights w\ell ,i for (\ell , i) \in [L]\times [k], a

subproblem of HPPCA involves optimizing the sum of Brockett cost functions [2, Sec-
tion 4.8] with respect to a k-dimensional orthonormal basis U and can be equivalently
recast in the form (1.1) as follows:

max
U:U\prime U=I

L\sum 
\ell =1

tr(U\prime A\ell UW\ell ) = max
U:U\prime U=I

L\sum 
\ell =1

k\sum 
i=1

w\ell ,iu
\prime 
iA\ell ui = max

U:U\prime U=I

k\sum 
i=1

u\prime 
iMiui,

(1.2)

where W\ell := diag(\{ w\ell ,i\} ki=1) \forall \ell and Mi :=
\sum L

\ell =1w\ell ,iA\ell \forall i. Other sensing problems
such as independent component analysis (ICA) [39] and approximate joint diagonaliza-
tion (AJD) [33] also model data with heterogeneous statistics and optimize objective
functions of a similar form, as we discuss in section 3.

For (1.2), the case of a single Brockett cost function (L = 1) has a known ana-
lytical solution obtained by the SVD or eigendecomposition [2, section 4.8], whereas
analytical solutions are not known for L\geq 2. Indeed, for L\geq 2 and general A\ell , few,
if any, guarantees for optimal recovery exist except in special cases, such as when the
constructed Mi commute [7]. Generally speaking, existing theory only gives restric-
tive sufficient conditions for global optimality that are typically difficult to check in
practice. Given that (1.1) is nontrivial and challenging in several ways---nonconvex
due to the Stiefel manifold constraint, nonseparable because of the weighted sum of
objectives, and not readily solved by singular value or eigenvalue decomposition---
many works apply iterative local solvers to (1.1).

However, given the nonconvexity of (1.1), these local approaches do not find a
global maximum in general. An alternative approach is to relax problems such as
(1.1) to a semidefinite program (SDP), allowing the use of standard convex solvers.
While the SDP has stronger optimality guarantees, the challenge is then to derive
conditions under which the SDP is tight, i.e., returns an optimal solution to the
original nonconvex problem. SDP relaxations such as the ``Fantope"" [20, 31] exist
for solving PCA-like problems, but to the best of our knowledge, no previous convex
methods exist to solve (1.1).

The main contribution of this paper is a novel convex SDP relaxation of (1.1),
whose constraint set is related to the Fantope but distinct. By studying this SDP and
its optimality criteria, we derive sufficient conditions to certify the global optimality of
any candidate solution obtained from any iterative solver for the nonconvex problem.
We then propose a straightforward method to certify global optimality by solving a
much smaller SDP feasibility problem that scales favorably with the problem dimen-
sion. Our work also generalizes existing results for (1.1) with commuting matrices to
the case with ``almost commuting"" matrices, showing that as long as the data matri-
ces are within an open neighborhood of a commuting tuple of data matrices (to be
defined precisely in section 4.2), the SDP is tight and provably recovers an optimal
solution of (1.1).

Notation. We use boldface uppercase letters A to denote matrices, boldface low-
ercase letters v to denote vectors, and italic lowercase letters c for scalars. We denote

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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SDP FOR SHQF ON THE STIEFEL 1093

the cone of d \times d symmetric PSD matrices as \BbbS d+ and use A \succeq 0 to denote an el-
ement A \in \BbbS d+. We denote the Hermitian transpose of a matrix as A\prime , the trace
of a matrix as tr(A), and the inner product of matrices (with identical dimensions)
\langle A,B\rangle := tr(A\prime B). We also make use of the notation [A,B] = 0 for commuting square
matrices A and B of the same sizes, which is equivalent to AB - BA= 0, where here
0 is the zero matrix. The spectral norm of a matrix is denoted by \| A\| , the Frobenius
norm by \| A\| F, and the trace norm by \| A\| tr :=

\sqrt{} 
1
d

\sum d
i,j=1 | Ai,j | 2 = 1\surd 

d
\| A\| F. The

identity matrix of size d is denoted as Id. Finally, we denote [k] := \{ 1, . . . , k\} .

2. SDP relaxation. By relaxing the considered nonconvex problem (1.1) to a
convex one, the well-established principles of convex optimization permit us to study
when an optimal solution of the SDP relaxation recovers a global maximum of (1.1)
and, importantly, when a given local stationary point is a global maximum. After
re-expressing the original problem using equivalent constraints, we lift the variables
into the cone of PSD matrices, relax the nonconvex constraints to convex surrogates,
and obtain an SDP.

First, we begin by slightly rewriting (1.1) and the Stiefel manifold constraints as

max
u1,...,uk

tr

\Biggl( 
k\sum 

i=1

Miuiu
\prime 
i

\Biggr) 
s.t. tr (uiu

\prime 
i) = 1 \forall i\in [k], tr (uju

\prime 
i) = 0 \forall i \not = j.(2.1)

Letting Xi = uiu
\prime 
i \in \BbbR d\times d, and using the eigenvalue structure of the rank-k projection

matrix
\sum k

i=1uiu
\prime 
i, this is equivalent to the lifted problem:

max
X1,...,Xk

tr

\Biggl( 
k\sum 

i=1

MiXi

\Biggr) 
s.t. \lambda j

\Biggl( 
k\sum 

i=1

Xi

\Biggr) 
\in \{ 0,1\} \forall j \in [d]

tr(Xi) = 1, rank(Xi) = 1, Xi \succcurlyeq 0 \forall i\in [k],

(2.2)

where \lambda j(\cdot ) indicates the jth eigenvalue of its argument. Note that this problem is
nonconvex due to the rank constraint and the constraint that the eigenvalues are
binary. Similar to the relaxations in [30, 40], we relax the eigenvalue constraint in
(2.2) to 0 \preccurlyeq 

\sum k
i=1Xi \preccurlyeq I and remove the rank constraint, which yields the SDP

relaxation we consider throughout the remainder of this work:

p\ast = max
X1,...,Xk

tr

\Biggl( 
k\sum 

i=1

MiXi

\Biggr) 

s.t.

k\sum 
i=1

Xi \preccurlyeq I, tr(Xi) = 1, Xi \succcurlyeq 0 i= 1, . . . , k.

(SDP-P)

Note that 0\preccurlyeq 
\sum k

i=1Xi can be omitted since it is already satisfied when Xi \succcurlyeq 0 \forall i.
The feasible set of (SDP-P) is closely related to the convex set found in [22, 30, 40]

called the Fantope. The Fantope is the convex hull of all matrices UU\prime \in \BbbR d\times d such
thatU\in \BbbR d\times k andU\prime U= I [20, 31]. Indeed, our relaxation can be viewed as providing
a decomposition of the Fantope variable X =UU\prime into the sum X1 + \cdot \cdot \cdot +Xk such
that each Xi satisfies tr(Xi) = 1 and 0\preceq Xi \preceq I. This decomposition allows (SDP-P)
to capture the exact form of the objective function, which sums the individual terms
tr(MiXi).

Precisely, the feasible set of (SDP-P) is a convex relaxation of the set
\{ (u1u

\prime 
1, . . . ,uku

\prime 
k) :U

\prime U= I\} . Naturally, one wonders whether our relaxation always

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1094 KYLE GILMAN, SAMUEL BURER, AND LAURA BALZANO

solves the original nonconvex problem. We show in section SM4.2 in the supplement
that it does not, using a counter example that demonstrates our relaxation does not
exactly capture the convex hull, which is a necessary condition for the relaxation to
be tight for all objectives. Our work therefore studies this SDP in two ways: first,
we provide a global optimality certificate; second, we study a class of ``close-to jointly
diagonalizable"" problem instances, which includes the heteroscedastic PCA problem,
and show that the SDP is tight for this class.

For dual variables Zi \in \BbbS d+ for i\in [k], Y \in \BbbS d+, \bfitnu \in \BbbR k, the dual of (SDP-P), which
will play a central role in the theory of this paper, is

d\ast = min
Y,Zi,\bfitnu 

tr(Y) +

k\sum 
i=1

\nu i s.t. Y\succcurlyeq 0, Y=Mi +Zi  - \nu iI, Zi \succcurlyeq 0 \forall i\in [k].

(SDP-D)

The derivation of (SDP-D) in subsection SM2.1 in the supplement follows by standard
analysis of the Lagrangian. However, a short proof of weak duality also verifies that
(SDP-D) upper bounds (SDP-P):

k\sum 
i=1

tr(MiXi) =

k\sum 
i=1

tr((Y - Zi + \nu iI)Xi)

= tr

\Biggl( 
Y

k\sum 
i=1

Xi

\Biggr) 
 - 

k\sum 
i=1

tr(ZiXi) +

k\sum 
i=1

\nu i tr(Xi)

\leq tr(Y) +

k\sum 
i=1

\nu i,

where the inequality follows from the constraints in (SDP-P) and (SDP-D). Therefore
p\ast \leq d\ast . Since the constraint set of (SDP-P) is closed and bounded with nonempty
interior, and strong duality holds by the following lemma, then there exists an optimal
primal solution to (SDP-P) and optimal dual solution to (SDP-D).

Lemma 2.1. If k < d, strong duality holds for the SDP relaxation with primal
(SDP-P) and dual (SDP-D).

The proof of this lemma follows from Slater's condition and can be found in
Appendix A.

We now define the ``rank-one property"" of a feasible solution of (SDP-P), which
allows us to characterize the relationship between optimal solutions of (SDP-P) and
optimal solutions of the original nonconvex problem.

Definition 2.2 (rank-one property (ROP)). A feasible solution to (SDP-P) is
said to have the ROP if X1, . . . ,Xk are all rank-one.

We note that if a feasible solution has the ROP, the first singular vectors of the Xi

are necessarily mutually orthogonal, and
\sum 

iXi is a rank-k projection matrix, due to
the constraint

\sum 
iXi \preccurlyeq I. The following lemma establishes the relationship between

the properties of the optimal solutions of (SDP-P) to those of the original nonconvex
problem.

Lemma 2.3. An optimal solution X\ast := (X\ast 
1, . . . ,X

\ast 
k) to the SDP relaxation in

(SDP-P) is an optimal solution to the original nonconvex problem in (1.1) (equiva-
lently (2.2)) if and only if X\ast has the ROP.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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SDP FOR SHQF ON THE STIEFEL 1095

The proof of this lemma can be found in Appendix A. The next lemma now relates
the properties of the optimal solutions to (SDP-D) to optimal solutions of (SDP-P)
with the ROP.

Lemma 2.4. If the optimal dual variables Z\ast 
i for i= 1, . . . , k each have rank d - 1,

the optimal solution X\ast := (X\ast 
1, . . . ,X

\ast 
k) has the ROP.

The proof of this result is also in Appendix A, and it follows directly from com-
plementary slackness. This key result, through careful analysis of the dual problem,
will later allow us to characterize problem instances with ROP solutions, which by
Lemma 2.3, are optimal solutions to the nonconvex problem.

3. Related work. There are a few important related works on the objective
in (1.1), as well as many more than can be reviewed here, including ones on ei-
genvalue/eigenvector problems and their variations, low-rank SDPs, and nonconvex
quadratics where Mi are not PSD. For the curious reader, section SM1 in the sup-
plement provides a more extensive related work section. Here, we focus on the works
most directly related to (1.1).

The papers [6, 7, 35] previously investigated the sum of heterogeneous quadratic
forms in (1.1). The work in [7] only studied the structure of this problem when the
matrices Mi were commuting. The work in [35] derived sufficient second-order global
optimality conditions, but these conditions are difficult to check in general and, for
example, do not seem to hold for the heteroscedastic PCA problem. Works such as
[27] and [32] consider a very similar problem to (1.2), but without the eigenvalue
constraint in (2.2), making their SDP a rank-constrained separable SDP; see also
[30, section 4.3]. Pataki [32] studied upper bounds on the rank of optimal solutions of
general SDPs, but in the case of (SDP-P), since our problem introduces the additional
constraint summing the Xi, Pataki's bounds do not guarantee rank-one, or even low-
rank, optimal solutions.

A recent paper [16] analyzes general sufficient conditions under which an SDP
relaxation, which has a rank-one optimal solution, retains a rank-one optimal solution
after the perturbation of the objective and/or constraint data. The analysis in [16]
does not seem to apply directly to our own work for two reasons: (i) the authors
of [16] analyze the basic Shor relaxation, a natural and popular SDP relaxation for
quadratically constrained quadratic programs, which we show in subsection SM4.1
in the supplement is trivially not tight in our setting; and (ii) their relaxation has a
single-block matrix variable, which is analyzed to be rank-one at optimality, whereas
we analyze several blocks X1, . . . ,Xk, each of which is rank-one at optimality when
the SDP is tight.

Recent works have also studied convex relaxations of PCA and other low-rank
subspace problems that seek to bound the eigenvalues of a single matrix [38, 40, 42],
rather than the sum of multiple matrices as in our setting. The works in [9, 34] show
that nonconvex Burer--Monteiro factorizations [15], which solve low-rank SDPs with-
out orthogonality constraints, have no spurious local minima and that approximate
second-order stationary points are approximate global optima. Other works have stud-
ied algorithms to optimize the nonconvex problem, like those in [11, 12, 13, 25, 37],
using minorize-maximize or Riemannian gradient ascent algorithms, which do not
come with global optimality guarantees. Our problem also has interesting connec-
tions to AJD, which is well-studied and often applied to blind source separation or
ICA problems [3, 8, 28, 36, 39]. See section SM1 in the supplement for further details.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1096 KYLE GILMAN, SAMUEL BURER, AND LAURA BALZANO

4. Theoretical results.

4.1. Dual certificate of the SDP. In practical settings for high-dimensional
data, a variety of iterative local methods are often applied to solve nonconvex problems
over the Stiefel manifold, from gradient ascent by geodesics [1, 2, 18] to majorization-
minimization (MM) algorithms, where [13] applied MM methods to solve (1.1) with
guarantees of convergence to a stationary point. While the computational complexity
and memory requirements of these solvers scale well, their obtained solutions lack any
global optimality guarantees. We seek to fill this gap by proposing a check for global
optimality of a local solution.2 Similar types of problems for running fast probabilistic
algorithms and checking whether the candidate solution is the optimal solution to the
convex relaxation also appear in [4].

By Lemma 2.3, an optimal solution of (SDP-P) with rank-one matrices Xi glob-
ally solves the original nonconvex problem (1.1). In this section, given a candidate
U = [u1 \cdot \cdot \cdot uk] \in St(k, d) to (1.1), we investigate conditions guaranteeing that the
rank-one matrices Xi = uiu

\prime 
i, which are feasible for (SDP-P), in fact comprise an

optimal solution of (SDP-P), implying that U optimizes (1.1). Similar to [19, 41, 42]
for Fantope problems, our results yield a dual SDP certificate to verify the primal
optimality of the candidates X1, . . . ,Xk constructed from a local solution U. We
show our certificate scales favorably in computation compared to the full SDP, with
the most complicated computations of our algorithm requiring us to solve a feasibility
problem in k variables with several d\times d linear matrix inequalities (LMIs).

Theorem 4.1. Let U \in St(k, d), and let \Lambda = sym(
\sum k

i=1U
\prime 
MiUEi), where

sym(A) := 1
2 (A + A\prime ), Ei \triangleq eie

\prime 
i, where ei is the ith standard basis vector in \BbbR k,

and Mi \succeq 0 \forall i\in [k]. If there exist \bfitnu = [\nu 1 \cdot \cdot \cdot \nu k]\in \BbbR k such that

U(\Lambda  - D\bfitnu )U
\prime 
+ \nu iI - Mi \succeq 0 \forall i= 1, . . . , k

\Lambda  - D\bfitnu \succeq 0,
(4.1)

where D\bfitnu := diag(\nu 1, . . . , \nu k), then U is a globally optimal solution to the original
nonconvex problem (1.1).

The proof, found in Appendix B, uses the Karush--Kuhn--Tucker (KKT) condi-
tions along with the conditions on \bfitnu to construct a dual certificate of SDP optimality.
We note that Theorem 4.1 is based on a strong sufficient condition, which in particular
implies that any feasible U satisfying (4.1) is a second-order stationary point.

In light of Theorem 4.1, to test whether a candidate U is globally optimal, we
simply assess whether system (4.1) is feasible using an LMI solver. If it is indeed fea-
sible, then U is globally optimal. On the other hand, if (4.1) is infeasible, it indicates
one of two things: (i) The SDP is not tight, i.e., the SDP strictly upper bounds the
original problem. The candidate U may or may not be globally optimal to the origi-
nal nonconvex problem. (ii) The SDP is tight, but the candidate U is a suboptimal
local solution. Section SM4.4 in the supplement also describes an extension of the
certificate to the sum of Brocketts with additive linear terms.

It is important to note that Theorem 4.1 implies U is an exact second-order sta-
tionary point. Since in practice it is not possible to obtain exact stationary points
using numerical solvers, one may wonder if Theorem 4.1 can be applied in practice.
However, given some U \in St(k, d) obtained by a solver that only approximately sat-

2To be clear, while our work does not guarantee that a local solution is globally optimal, we
propose a certificate based on a sufficient condition to check if the local solution is globally optimal.
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SDP FOR SHQF ON THE STIEFEL 1097

isfies dual feasibility, we can precisely characterize the suboptimality of this solution.
To this end, we provide a corollary to Theorem 4.1, whose proof can be found in
Appendix B, where the semidefinite constraints are only approximately satisfied.

Corollary 4.2. Let U \in St(k, d) be a feasible point of (1.1), and let \Lambda =

sym(
\sum k

i=1U
\prime 
MiUEi). Let \epsilon 

\ast be the optimal value of

min
\epsilon \geq 0, \bfitnu \in \BbbR k

\epsilon s.t. U(\Lambda  - D\bfitnu )U
\prime 
+ \nu iI - Mi \succeq  - \epsilon I \forall i= 1, . . . , k

\Lambda  - D\bfitnu \succeq  - \epsilon I,
(4.2)

where D\bfitnu := diag(\nu 1, . . . , \nu k). Then U is a near optimal solution to the original
nonconvex problem (1.1) in the sense that its objective value is bounded below by
p\ast  - \epsilon \ast d.

While SDP relaxations of nonconvex optimization problems can provide strong
provable guarantees, their practicality can be limited by the time and space required
to solve them, particularly when using off-the-shelf interior-point solvers, which in
our case require \scrO (d3) [5] storage and floating point operations (flops) per iteration
of (SDP-D). The proposed global certificate in (4.1) significantly reduces the number
of variables from \scrO (d2) in (SDP-D) (upon eliminating the variables Zi) to merely
k variables in (4.1). Using [5, section 6.6.3] it can be shown that computing the
certificate only, based on a given U, results in a substantial reduction in flops by a
factor of \scrO (d3/k) over solving (SDP-D). Subsequently, an MM solver with complexity
on par with standard first-order based methods [13], whose cost is \scrO (dk2 + k3) per
iteration, combined with our global optimality certificate, is preferable to solving the
full relaxation (SDP-P) for large problems. See subsection SM2.3 in the supplement
for more details.

4.2. SDP tightness in the close-to jointly diagonalizable case. While
section 4.1 provides a technique to certify the global optimality of a solution to the
nonconvex problem, the check will fail if the point is not globally optimal or if the
SDP is not tight. General conditions on Mi that guarantee tightness of (SDP-P)
are still not known. However, when the matrices Mi are jointly diagonalizable, our
problem reduces to a linear programming assignment problem [7], and by standard
LP theory, a solution with rank-one Xi exists and the SDP (or equivalent LP) is a
tight relaxation [7].

Our next major contribution is to show that a solution with rank-one Xi also
exists for cases that are close-to jointly diagonalizable (CJD). We first give a continuity
result showing there is a neighborhood around the diagonal case for which (SDP-P)
is still tight. Then we show that for the HPPCA problem, the matrices Mi are CJD
and can be made arbitrarily close as the number of data points n grows or as the
noise levels diminish or become homoscedastic. This gives strong theoretical support
for the tightness of the SDP for the HPPCA problem when n is large or the noise
levels are small or close in value.

Definition 4.3 (CJD). We say that unit spectral-norm, symmetric matrices A
and B are CJD if they are almost commuting, that is, when the commuting distance
measured by some norm \| \cdot \| , between A and B is significantly less than 1:

\| [A,B]\| := \| AB - BA\| \leq \delta for some 0< \delta \ll 1.

The matrices A and B are jointly diagonalizable if and only if they commute, i.e.,
the commuting distance is zero.
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1098 KYLE GILMAN, SAMUEL BURER, AND LAURA BALZANO

4.2.1. Continuity and tightness in the CJD case. In this section, we em-
ploy a technical continuity result for the dual feasible set to conclude that there is a
neighborhood of problem instances around every diagonal instance for which (SDP-P)
gives rank-one optimal solutions Xi. All proofs for the results in this subsection are
found in Appendix C.

Given a k-tuple of symmetric matrices (M1, . . . ,Mk), our primal-dual pair is given
by (SDP-P) and (SDP-D). Note that, without loss of generality, we may assume each
Mi is PSD since the primal constraint tr(Xi) = 1 ensures that replacing Mi by
Mi + \lambda iI\succeq 0, where \lambda i is a positive constant, simply shifts the objective value by \lambda i.
Thus, we assume Mi \succeq 0 \forall i= 1, . . . , k.

For a fixed, user-specified upper bound \mu > 0, we define the closed convex set

\scrC := \{ c= (M1, . . . ,Mk) : 0\preceq Mi \preceq \mu I \forall i= 1, . . . , k\} 

to be our set of admissible coefficient k-tuples. We know that both (SDP-P) and (SDP-
D) have interior points for all c \in \scrC , so that strong duality holds for all c \in \scrC . The
following results draw upon the fact that (SDP-P) is equivalent to a linear program
(LP) when M1, . . . ,Mk are jointly diagonalizable, i.e., the problem is a diagonal SDP.
While we require the assumption that the equivalent LP in the jointly diagonalizable
case has a unique optimal solution, we find this is a reasonable, mild assumption based
on [17, Theorem 4], which proves the uniqueness property holds generically for LPs.

Lemma 4.4. Let c = (M1, . . . ,Mk) \in \scrC . If Mi are jointly diagonalizable for
i = 1, . . . , k and the associated LP for (SDP-P) has a unique optimal solution, then
there exists an optimal solution of (SDP-D) with rank(Zi)\geq d - 1 for all i= 1, . . . , k.

The result follows directly from the Goldman--Tucker theorem on strict comple-
mentarity for LPs.

Definition 4.5. For c = (M1, . . . ,Mk) \in \scrC and c = (M1, . . . ,Mk) \in \scrC , define
dist(c,c)\triangleq maxi\in [k] \| Mi  - Mi\| tr.

We are now ready to state our main result in this subsection.

Theorem 4.6. Let c := (M1, . . . ,Mk)\in \scrC be given such that Mi, i= 1, . . . , k, are
jointly diagonalizable and the associated LP, which is derived from the diagonal SDP
of (SDP-P) with objective coefficients c, has a unique optimal solution. Then there
exists a full-dimensional neighborhood \scrC \ni c in \scrC such that (SDP-P) has the ROP for
all c= (M1, . . . ,Mk)\in \scrC .

Proof. Using Lemma 4.4, let y0 := (Y,Zi, \nu i) be the optimal solution of the dual
problem (SDP-D) for c = (M1, . . . ,Mk), which has rank(Zi) \geq d  - 1 \forall i. Proposi-
tion C.3 in Appendix C considers a function y(c;y0) that returns the optimal solution
of (SDP-D) for c = (M1, . . . ,Mk) closest to y0 and shows that this function is con-
tinuous. It follows that its preimage

y - 1 (\{ (Y,Zi, \nu i) : rank(Zi)\geq d - 1 \forall i\} )

contains c and is an open set because the set of all (Y,Zi, \nu i) with rank(Zi)\geq d - 1 is
an open set. After intersecting with \scrC , we have shown existence of this full-dimensional
set \scrC . From complementarity of the KKT conditions of the assignment LP, rank(Zi) =
d - 1 for i= 1, . . . , k. Applying Lemma 2.4 then completes the theorem.

The next corollary shows that for a general tuple of matrices c := (M1, . . . ,Mk)
that are pairwise CJD for small enough \delta , (SDP-P) is tight and has the ROP.
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SDP FOR SHQF ON THE STIEFEL 1099

In the following results, we will then prove the HPPCA generative model results
in (M1, . . . ,Mk) being CJD. While these are sufficient conditions, they are by no
means necessary, and subsection SM4.4 in the supplement gives an example of Mi

that are not CJD but where the convex relaxation has the ROP. It is important to
note the results do not quantify an exact \delta for (SDP-P) to achieve the ROP, but only
the existence of one.

Corollary 4.7. Let \epsilon > 0, and let c := (M1, . . . ,Mk) be a tuple of self-adjoint
matrices, where \| [Mi,Mj ]\| tr := \| MiMj  - MjMi\| tr \leq \epsilon \forall i, j \in [k], and assume
\| Mi\| \leq 1 \forall i \in [k]. Then there exists a tuple of commuting self-adjoint matrices
c := (M1, . . . ,Mk) with [Mi,Mj ] = 0 \forall i, j \in [k] and a \delta (\epsilon , k)> 0 such that dist(c,c)\leq 
\delta (\epsilon , k) and \delta (\epsilon , k) is a function satisfying lim\epsilon \rightarrow 0 \delta (\epsilon , k) = 0. Assume the associated
LP, which is derived from the diagonal SDP of (SDP-P) and is parameterized by \=c,
has a unique optimal solution.

If \epsilon > 0 is such that dist(c,c) \leq \delta (\epsilon , k) implies c \in \scrC , where \scrC is given by Theo-
rem 4.6, (SDP-P) parameterized by c has the ROP.

Proof. The result follows from directly applying the extension of Lin's theorem
for a tuple of k\geq 3 matrices [21, Theorem 3] (see Lemma SM3.13 in the supplement)
to (M1, . . . ,Mk).

The next corollary gives a similar result, but tailored specifically to problem (1.2).

Corollary 4.8. Let \epsilon > 0, and define c := (M1, . . . ,Mk) for (1.2), where
\| [Ai,Aj ]\| tr \leq \epsilon \forall i, j \in [L], and assume \| Ai\| \leq 1 \forall i \in [k]. Then there exists
a tuple of commuting self-adjoint matrices c := (M1, . . . ,Mk) with [Mi,Mj ] = 0

\forall i, j \in [k] and a \delta (\epsilon , k)> 0 such that dist(c,c)\leq \delta (\epsilon , k)
\sum L

\ell =1maxi\in [k]w\ell ,i.

4.2.2. HPPCA possesses the CJD property. Consider the heteroscedas-
tic probabilistic PCA problem in [25] where L data groups of n1, . . . , nL samples
(n =

\sum L
\ell =1 n\ell ) with known noise variances v1, . . . , vL, respectively, are generated by

the model

y\ell ,j =U\Theta z\ell ,j + \bfiteta \ell ,j \in \BbbR d \forall \ell \in [L], j \in [n\ell ].(4.3)

Here, U \in St(k, d) is a planted subspace, \Theta = diag(
\surd 
\lambda 1, . . . ,

\surd 
\lambda k) represent the

known signal amplitudes, z\ell ,j
iid\sim \scrN (0, Ik) are latent variables, and \bfiteta \ell ,j

iid\sim \scrN (0, v\ell Id)
are additive Gaussian heteroscedastic noises. Assume that \lambda i \not = \lambda j for i \not = j \in [k] and
v\ell \not = vm for \ell \not = m \in [L]. The maximum likelihood problem in [25, equation 3] with
respect to U is then equivalently (1.2) for A\ell =

\sum n\ell 

j=1
1
v\ell 
y\ell ,jy

\prime 
\ell ,j and w\ell ,i =

\lambda i

\lambda i+v\ell 
\in 

(0,1]. Our next result says that, as the number of samples n grows, the signal-to-noise
ratio \lambda i/v\ell grows, or the variances are close to the median noise variance, the matrices
in the HPPCA problem are almost commuting under the spectral norm. The proof
is found in Appendix C.

Proposition 4.9. Let c = ( 1nM1, . . . ,
1
nMk) be the (normalized) data matrices

of the HPPCA problem. Then there exists commuting c= (M1, . . . ,Mk) (constructed
in the proof) and a universal constant C > 0 such that for any \=v \geq 0 and any t > 0,
with probability exceeding 1 - e - t,

\| 1
nMi  - Mi\| 
\| M1\| 

\leq min

\left\{   
L\sum 

\ell =1

\gamma \ell (\=v)
\lambda i

v\ell 
+ 1

,C
\=\sigma i

\=\sigma 1
max

\left\{   
\sqrt{} 

\=\xi i
\=\sigma i
logd+ t

n
,

\=\xi i
\=\sigma i
logd+ t

n
log(n)

\right\}   
\right\}   ,

(4.4)
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1100 KYLE GILMAN, SAMUEL BURER, AND LAURA BALZANO

where

\gamma \ell (\=v) :=

\bigm| \bigm| \bigm| \bigm| \=vv\ell  - 1

\bigm| \bigm| \bigm| \bigm| , \=\sigma i := \| Mi\| =
L\sum 

\ell =1

\lambda i

v\ell 
\lambda i

v\ell 
+ 1

n\ell 

n

\biggl( 
\lambda 1

v\ell 
+ 1

\biggr) 
,

\=\xi i := tr(Mi) =

L\sum 
\ell =1

\lambda i

v\ell 
\lambda i

v\ell 
+ 1

n\ell 

n

\left(  1

v\ell 

k\sum 
j=1

\lambda j + d

\right)  .

Remark 4.10. It seems natural to let \=v = vmed = minv
\sum L

\ell =1 | v  - v\ell | , i.e., the
median noise variance, which provides an upper bound for (4.4), i.e.,

min
\=v

L\sum 
\ell =1

\gamma \ell (\=v)
\lambda i

v\ell 
+ 1

=min
\=v

L\sum 
\ell =1

| \=v - v\ell | 
\lambda i + v\ell 

\leq 
L\sum 

\ell =1

| vmed  - v\ell | 
\lambda i + v\ell 

.

The proof of Proposition 4.9 in Appendix C analyzes two cases separately,
obtaining bounds for the normalized distance under the spectral norm between each
Mi and Mi. The final result in (4.4) then takes the minimum of the two bounds.
The left argument of the minimum operator in (4.4) reflects the effect of the heteroge-
neous noise. As all of the variances become close in value to some \=v\geq 0, the matrices
Mi become almost commuting, eventually becoming equal when all the variances are
equal, i.e., the noise is homogeneous. In addition, the distance depends on the inverse
signal-to-noise ratios between the eigenvalues \lambda i and variances v\ell , so as the noise
diminishes, the matrices Mi also become almost commuting.

The right argument of the minimum operator captures the effects of growing
dimension, rank, and sample size using the concentration of the sample covariance
matrices for Gaussian random variables [29]. First, the normalized distance between
each Mi and Mi grows as \scrO (d logd) and linearly with

\sum k
i=1 \lambda i (which is related to

the rank), as reflected by the terms \=\xi i. Lastly, the bound diminishes as \scrO (1/
\surd 
n),

where n is the total number of data samples; as the sample size grows, the matrices
become almost commuting.

5. Numerical experiments. All numerical experiments were computed us-
ing MATLAB R2018a on a MacBook Pro with a 2.6 GHz 6-Core Intel Core i7
processor. When solving SDPs, we use the SDPT3 solver of the CVX package in
MATLAB [23]. All code necessary to reproduce our experiments is available at
https://github.com/kgilman/Sums-of-Heterogeneous-Quadratics. When exe-
cuting each algorithm in practice, we remark that the results may vary with the choice
of user-specified numerical tolerances and other settings. Since Theorem 4.1 requires
an exact stationary point, and in practice, an iterative solver only returns an inexact
stationary point, the KKT conditions may not be exactly satisfied. However, in prac-
tice, we found using smaller numerical precisions in the SDP and iterative solvers is
often sufficient to achieve a numerical certificate, albeit inexact. When computing a
first-order stationary point with an iterative solver, we terminate the algorithm when
the norm of the gradient on the manifold is less than 10 - 10. We point the reader to
section SM5 in the supplement for further detailed settings.

5.1. Assessing the ROP. In this subsection, we conduct experiments show-
ing that, for many random instances of the HPPCA application, the SDP relaxation
(SDP-P) is tight with optimal rank-one Xi, yielding a globally optimal solution of
(1.1). Similar experiments for other forms of (1.1), including where Mi are ran-
dom low-rank PSD matrices, are found in section SM5 and give similar insights.
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Table 1
\itN \itu \itm \ite \itr \iti \itc \ita \itl \ite \itx \itp \ite \itr \iti \itm \ite \itn \itt \its \its \ith \ito \itw \iti \itn \itg \itt \ith \ite \itf \itr \ita \itc \itt \iti \ito \itn \ito \itf \itt \itr \iti \ita \itl \its \itw \ith \ite \itr \ite \itt \ith \ite \itS \itD \itP \itw \ita \its \itt \iti \itg \ith \itt \itf \ito \itr \iti \itn \its \itt \ita \itn \itc \ite \its \ito \itf 

\itt \ith \ite \itH \itP \itP \itC \itA \itp \itr \ito \itb \itl \ite \itm \ita \its \itw \ite \itv \ita \itr \iti \ite \itd d, k, \ita \itn \itd n \itu \its \iti \itn \itg L= 2 \itg \itr \ito \itu \itp \its \itw \iti \itt \ith \itn \ito \iti \its \ite \itv \ita \itr \iti \ita \itn \itc \ite \its v= [1,4].

Fraction of 100 trials with ROP
v = [1, 4] k = 3 k = 5 k = 7 k = 10

n
=

[5
,2
0
] d = 10 1 0.99 1 1

d = 20 1 0.98 0.98 0.99
d = 30 0.99 0.93 0.98 0.97
d = 40 0.98 0.91 0.99 0.98
d = 50 0.97 0.95 0.96 0.98

n
=

[2
0,
8
0
] d = 10 1 1 1 1

d = 20 1 1 1 1
d = 30 1 1 1 0.98
d = 40 1 1 0.97 0.95
d = 50 1 0.98 0.98 0.97

n
=

[1
0
0
,
4
0
0
] d = 10 1 1 1 1

d = 20 1 1 1 1
d = 30 1 1 1 1
d = 40 1 1 1 1
d = 50 1 1 1 1

Here, the Mi were generated according to our HPPCA model in (4.3) where A\ell =
1
v\ell 

\sum n\ell 

i=1 y\ell ,iy
\prime 
\ell ,i and weight matrices W\ell are calculated as W\ell = diag(w\ell ,1, . . . ,w\ell ,k)

for w\ell ,i = \lambda i/(\lambda i + v\ell ). We made \bfitlambda a k-length vector of entries uniformly spaced
in the interval [1,4], and we varied the ambient dimension d, rank k, samples n :=
[n1, . . . , nL], and variances v for both L = 2 and L = 3 noise groups. Each random
instance was generated from a new random draw of U on the Stiefel manifold, latent
variables z\ell ,i, and noise vectors \bfiteta \ell ,i.

Tables 1, 2, and 3 show the results of these experiments for various choices of
dimension d, rank k, samples n, and variances v. We solved the SDP for 100 random
data instances for d \leq 50 and 20 random data instances for d \geq 100. The table
shows the fraction of trials that resulted in rank-one Xi \forall i= 1, . . . , k. We computed
the average error of the sorted eigenvalues of each optimal solution Xi to e1, i.e.,
1
k

\sum k
i=1 \| diag(\Sigma i)  - e1\| 22, where Xi = Vi\Sigma iV

\prime 
i, and counted any trial with error

greater than 10 - 5 as not tight.
The SDP solutions possessed the ROP in the vast majority of trials. As we in-

creased the total number of samples n in Tables 1 and 3, the convex relaxation became
tight in 100\% of the trials, as predicted by the commuting error bound dependency
on \scrO (1/

\surd 
n) in Proposition 4.9. As d or k increased, we generally observed a few in-

stances where the SDP was not tight, which conforms with the theory in Proposition
4.9. As we decreased the spread of the variances, Table 2 shows the fraction of tight
instances increased, reaching 100\% in the homoscedastic setting, as expected because
then all of the Mi are equal. Likewise, Table 3 shows this behavior for the L= 3 case.

5.2. Assessing global optimality of local solutions. In this section, we used
the Stiefel majorization-minimization (StMM) solver with a linear majorizer from [13]
to obtain a local solution UMM to (1.1) for various inputs Mi and used Theorem 4.1 to
certify if the local solution is globally optimal or if the certificate fails. For comparison,
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Table 2
\itN \itu \itm \ite \itr \iti \itc \ita \itl \ite \itx \itp \ite \itr \iti \itm \ite \itn \itt \its \its \ith \ito \itw \iti \itn \itg \itt \ith \ite \itf \itr \ita \itc \itt \iti \ito \itn \its \ito \itf \itt \itr \iti \ita \itl \its \itw \ith \ite \itr \ite \itt \ith \ite \itS \itD \itP \itw \ita \its \itt \iti \itg \ith \itt \itf \ito \itr \iti \itn \its \itt \ita \itn \itc \ite \its 

\ito \itf \itt \ith \ite \itH \itP \itP \itC \itA \itp \itr \ito \itb \itl \ite \itm \ita \its \itw \ite \itv \ita \itr \iti \ite \itd d, k, \ita \itn \itd v \itu \its \iti \itn \itg L = 2 \itg \itr \ito \itu \itp \its \itw \iti \itt \ith \its \ita \itm \itp \itl \ite \its n = [10,40] \ita \itn \itd 
n= [50,200]. \itD \itu \ite \itt \ito \itt \ith \ite \itl \ita \itr \itg \ite \itc \ito \itm \itp \itu \itt \ita \itt \iti \ito \itn \itt \iti \itm \ite \ito \itf \its \ito \itl \itv \iti \itn \itg \itt \ith \ite \itf \itu \itl \itl \itS \itD \itP \itf \ito \itr \itl \ita \itr \itg \ite \itr \itv \ita \itl \itu \ite \its \ito \itf d\geq 100,
\itw \ite \ito \itn \itl \ity \itr \ita \itn 20 \iti \itn \itd \ite \itp \ite \itn \itd \ite \itn \itt \itt \itr \iti \ita \itl \its \itf \ito \itr \ite \ita \itc \ith \ite \itx \itp \ite \itr \iti \itm \ite \itn \itt \its \ite \itt \itt \iti \itn \itg .

Fraction of 100 trials with ROP
n = [10, 40] k = 3 k = 5 k = 7 k = 10

v
=

[1
,1
] d = 10 1 1 1 1

d = 20 1 1 1 1
d = 30 1 1 1 1
d = 40 1 1 1 1
d = 50 1 1 1 1

v
=

[1
,2
] d = 10 1 1 1 1

d = 20 1 1 1 1
d = 30 1 0.98 1 1
d = 40 1 1 0.99 1
d = 50 1 1 1 0.99

v
=

[1
,3
] d = 10 1 1 1 1

d = 20 1 1 1 1
d = 30 0.99 0.99 0.97 0.99
d = 40 1 0.98 0.97 0.99
d = 50 1 0.97 0.96 0.98

Fraction of 20 trials with ROP
v = [1, 3] k = 5 k = 10

n = [10, 40]
d = 100 1 0.85
d = 200 0.95 0.35
d = 300 0.75 0.35

n = [50, 200]
d = 100 1 0.95
d = 200 1 0.8
d = 300 1 0.85

we obtained candidate solutions Xi from the SDP and performed a rank-one SVD of
each to form USDP, i.e.,

USDP =\scrP St([u1 \cdot \cdot \cdot uk]), ui = argmax
u:\| u\| 2=1

u\prime Xiu,

while measuring how close the solutions are to being rank-one. In the case where the
SDP is not tight, the rank-one directions from the Xi will not be orthonormal, so as a
heuristic, we projected USDP onto the Stiefel manifold by the orthogonal Procrustes
solution, denoted by the operator \scrP St(\cdot ) [13].

5.2.1. Synthetic CJD matrices. To empirically verify our theory from sec-
tion 4, we generated each Mi \in \BbbR d\times d to be a diagonally dominant matrix resembling
an approximately rank-k sample covariance matrix, such that, in a similar manner to
HPPCA, M1 \succeq M2 \succeq \cdot \cdot \cdot \succeq Mk \succeq 0. Specifically, we first constructed Mk =Dk +Nk,
where Dk is a diagonal matrix with k nonzero entries drawn uniformly at random
from [0,1], and Nk = 1

10dSS
\prime for S \in \BbbR d\times 10d independent and identically distributed

as \scrN (0, \sigma I) for varying \sigma . We then generated the remaining Mi for i = k  - 1, . . . ,1
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SDP FOR SHQF ON THE STIEFEL 1103

Table 3
\itN \itu \itm \ite \itr \iti \itc \ita \itl \ite \itx \itp \ite \itr \iti \itm \ite \itn \itt \its \its \ith \ito \itw \iti \itn \itg \itt \ith \ite \itf \itr \ita \itc \itt \iti \ito \itn \its \ito \itf \itt \itr \iti \ita \itl \its \itw \ith \ite \itr \ite \itt \ith \ite \itS \itD \itP \itw \ita \its \itt \iti \itg \ith \itt \itf \ito \itr \iti \itn \its \itt \ita \itn \itc \ite \its \ito \itf 

\itt \ith \ite \itH \itP \itP \itC \itA \itp \itr \ito \itb \itl \ite \itm \ita \its \itw \ite \itv \ita \itr \iti \ite \itd d, k, n, \ita \itn \itd v2 \itf \ito \itr L= 3 \itg \itr \ito \itu \itp \its \itw \iti \itt \ith \itn \ito \iti \its \ite \itv \ita \itr \iti \ita \itn \itc \ite \its v= [1, v2,4].
\itT \ith \ite \itl \ite \itf \itt \ita \itn \itd \itr \iti \itg \ith \itt \itt \ita \itb \itl \ite \its \its \ith \ito \itw \itt \ith \ite \itr \ite \its \itu \itl \itt \its \itf \ito \itr d = 20 \ita \itn \itd d = 50, \itr \ite \its \itp \ite \itc \itt \iti \itv \ite \itl \ity . \itW \ite \its \itw \ite \itp \itt v2 \iti \itn \ita 
\itw \ita \ity \its \itu \itc \ith \itt \ith \ita \itt n = [20,20,60],v = [1,4,4] \iti \its \its \itt \ita \itt \iti \its \itt \iti \itc \ita \itl \itl \ity \ite \itq \itu \iti \itv \ita \itl \ite \itn \itt \itt \ito \itt \ith \ite \itp \itr \ito \itb \itl \ite \itm \iti \itn \itT \ita \itb \itl \ite 1 \itf \ito \itr 
n = [20,80],v = [1,4] \ita \itn \itd , \its \iti \itm \iti \itl \ita \itr \itl \ity , n = [20,80,400],v = [1,1,4] \iti \its \its \itt \ita \itt \iti \its \itt \iti \itc \ita \itl \itl \ity \ite \itq \itu \iti \itv \ita \itl \ite \itn \itt \itt \ito \itt \ith \ite 
\itp \itr \ito \itb \itl \ite \itm \iti \itn \itT \ita \itb \itl \ite 1 \itf \ito \itr n= [100,400],v= [1,4].

Fraction of 100 trials with ROP
d = 20, v1 = 1, v3 = 4 v2 = 1 v2 = 2 v2 = 3 v2 = 4

k
=

5

n = [20, 20, 60] 1 1 1 1
n = [20, 80, 60] 1 1 1 0.99
n = [20, 80, 200] 1 1 1 1
n = [20, 20, 400] 1 1 1 1
n = [20, 80, 400] 1 1 1 1
n = [100, 100, 400] 1 1 1 1
n = [200, 200, 400] 1 1 1 1

k
=

10

n = [20, 20, 60] 0.99 1 0.99 0.97
n = [20, 80, 60] 1 1 0.99 0.99
n = [20, 80, 200] 1 1 1 1
n = [20, 20, 400] 1 1 1 1
n = [20, 80, 400] 1 1 1 1
n = [100, 100, 400] 1 1 1 1
n = [200, 200, 400] 1 1 1 1

Fraction of 100 trials with ROP
d = 50, v1 = 1, v3 = 4 v2 = 1 v2 = 2 v2 = 3 v2 = 4

k
=

5

n = [20, 20, 60] 1 1 0.98 0.96
n = [20, 80, 60] 1 1 0.99 0.96
n = [20, 80, 200] 1 1 0.98 0.99
n = [20, 20, 400] 1 1 1 0.99
n = [20, 80, 400] 1 1 1 1

n = [100, 100, 400] 1 1 0.99 1
n = [200, 200, 400] 1 1 1 1

k
=

10

n = [20, 20, 60] 1 0.97 0.96 0.92
n = [20, 80, 60] 1 1 0.98 0.94
n = [20, 80, 200] 1 0.98 0.99 0.99
n = [20, 20, 400] 0.99 0.99 1 0.99
n = [20, 80, 400] 1 1 1 0.99

n = [100, 100, 400] 1 1 1 1
n = [200, 200, 400] 1 1 1 1

as Mi = Mi+1 + Di + Ni with new random draws of Di and Ni and normalized
all by 1/maxi\in [k] \| Mi\| so that \| Mi\| \leq 1 \forall i \in [k]. With this setup, by varying
\sigma , we swept through a range of commuting distances under the spectral norm, i.e.
maxi,j\in [k] \| MiMj  - MjMi\| . For all experiments, we generated problems with pa-
rameters d= 10 and k= 3, and ran StMM for 2,000 maximum iterations or until the
norm of the gradient on the manifold was less than 10 - 10.

Figure 1(a) shows the gap of the objective values between the SDP relaxation (be-
fore projection onto the Stiefel) and the nonconvex problem (pSDP  - pStMM) versus
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1104 KYLE GILMAN, SAMUEL BURER, AND LAURA BALZANO

(a) (b)

Fig. 1. \itN \itu \itm \ite \itr \iti \itc \ita \itl \its \iti \itm \itu \itl \ita \itt \iti \ito \itn \its \itf \ito \itr \its \ity \itn \itt \ith \ite \itt \iti \itc \itC \itJ \itD \itm \ita \itt \itr \iti \itc \ite \its \itf \ito \itr d = 10, k = 3 \itw \iti \itt \ith \iti \itn \itc \itr \ite \ita \its \iti \itn \itg \sigma 
\ita \itn \itd 100 \itr \ita \itn \itd \ito \itm \itp \itr \ito \itb \itl \ite \itm \iti \itn \its \itt \ita \itn \itc \ite \its \itf \ito \itr \ite \ita \itc \ith \its \ite \itt \itt \iti \itn \itg . \itA \its \sigma \itg \itr \ito \itw \its , \itt \ith \ite \itm \ita \itx \itc \ito \itm \itm \itu \itt \iti \itn \itg \itd \iti \its \itt \ita \itn \itc \ite \itg \itr \ito \itw \its .

the commuting distance. Figure 1(b) shows the distance between the two obtained

solutions computed as 1\surd 
k
\| | U\prime 

StMMUSDP|  - Ik\| F (where | \cdot | denotes taking the elemen-

twise absolute value) versus commuting distance. Figure 3(a) shows the percentage of
trials where UStMM could not be certified globally optimal. Like before, we declared
an SDP's solution ``tight"" if the mean error of its solutions to a rank-one matrix with
binary eigenvalues, i.e., 1

k

\sum k
i=1 \| \lambda 

(i)
\downarrow  - e1\| 2, was less than 10 - 5, where \lambda 

(i)
\downarrow denotes

the sorted eigenvalues of Xi in descending order, and e1 is the first standard basis
vector in \BbbR d. Trials with the marker ``\circ "" indicate trials where global optimality was
certified. The marker ``\times "" represents trials where U was not certified as globally
optimal and the SDP relaxation was not tight; ``\bigtriangleup "" markers indicate trials where the
SDP was tight, but (4.1) was not satisfied, implying a suboptimal local maximum.

Toward the left of Figure 1(a), with small \sigma and the (M1, . . . ,Mk) all being very
close to commuting, 100\% of experiments returned tight rank-one SDP solutions.
Notably, there appears to be a sharp cutoff point where this behavior ends, and the
SDP relaxation was not tight in a small percentage of cases. While the large majority
of trials still admitted a tight convex relaxation, these results empirically corroborate
the sufficient conditions derived in Theorem 4.6 and Corollary 4.7.

Where the SDP is tight, Figure 1 shows the StMM solver returned the globally
optimal solution in more than 95\% of the problem instances. Indicated by the ``\bigtriangleup ""
markers, the remaining cases can only be certified as stationary points, implying a
local maximum was found. Indeed, we observed a correspondence between trials with
both large objective value gap and distance of the candidate solution to the globally
optimal solution returned by the SDP.

5.2.2. HPPCA. We repeated the experiments just described for Mi generated
by the model in (4.3) for d= 50, \bfitlambda = [4,3.25,2.5,1.75,1], and L= 2 noise groups with
variances v= [1,4]. For each of 100 trials, we drew a random model with a different
generative U for sample sizes n= [n1,4n1], where we swept through increasing values
of n1 on the horizontal axis in Figure 3(b). For each experiment, we normalized the
Mi by the maximum of their spectral norms, and then recorded the results obtained
from the SDP and StMM solvers with respect to the computed maximum commuting
distance of the Mi in Figure 2. We ran StMM for a maximum of 10,000 iterations
and recorded both the global optimality certification of each StMM run and if the
SDP was tight.
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SDP FOR SHQF ON THE STIEFEL 1105

(a) (b)

Fig. 2. \itN \itu \itm \ite \itr \iti \itc \ita \itl \its \iti \itm \itu \itl \ita \itt \iti \ito \itn \its \itf \ito \itr Mi \itg \ite \itn \ite \itr \ita \itt \ite \itd \itb \ity \itt \ith \ite \itH \itP \itP \itC \itA \itm \ito \itd \ite \itl \iti \itn (4.3) \itf \ito \itr d = 50,
k= 5, \itn \ito \iti \its \ite \itv \ita \itr \iti \ita \itn \itc \ite \its v= [1,4], \ita \itn \itd \bfitlambda = [4,3.25,2.5,1.75,1] \itw \iti \itt \ith \iti \itn \itc \itr \ite \ita \its \iti \itn \itg \its \ita \itm \itp \itl \ite \its n. \itA \its n \itg \itr \ito \itw \its ,
\itt \ith \ite \itm \ita \itx \itc \ito \itm \itm \itu \itt \iti \itn \itg \itd \iti \its \itt \ita \itn \itc \ite \itg \ite \itt \its \its \itm \ita \itl \itl \ite \itr .

(a) Synthetic CJD matrices for d = 10, k = 3
with increasing σ.

(b) Data matrices generated by the HPPCA
model in (4.3) with increasing samples n =
[n1, 4n1].

Fig. 3. \itP \ite \itr \itc \ite \itn \itt \ita \itg \ite \its \ito \itf \itg \itl \ito \itb \ita \itl \itc \ite \itr \itt \iti fi\itc \ita \itt \iti \ito \itn \ito \itf \itS \itt \itM \itM \its \ito \itl \itu \itt \iti \ito \itn \its \ito \itu \itt \ito \itf 100 \itt \itr \iti \ita \itl \its . \itT \ith \ite \itf \itr \ita \itc \itt \iti \ito \itn \its 
\itn \ito \itt \its \ith \ito \itw \itn \ita \itr \ite \itt \iti \itg \ith \itt \iti \itn \its \itt \ita \itn \itc \ite \its \itc \ite \itr \itt \iti fi\ite \itd \ita \its \itg \itl \ito \itb \ita \itl .

Proposition 4.9 suggests that, even with poor SNR like in this example, as the
number of data samples increases, the Mi should concentrate to be nearly commuting.
This was indeed what we observed: as the number of samples increased in Figure 3(b),
the maximum commuting distance of the Mi decreased, i.e., the simulations moved
to the left on the horizontal axes of Figure 2(a) and 2(b). In this nearly commuting
regime, the SDP obtained tight rank-one Xi in 100\% of the trials, and all of the
StMM runs attained the global maximum, suggesting a seemingly benign nonconvex
landscape. In contrast, we observed several trials in the low-sample setting where
the SDP failed to be tight and a dual certificate was not attained. Also within this
regime, several trials of the StMM solver found suboptimal local maxima.

5.3. Computation time. Figure 4 compares the scalability of our SDP relax-
ation in (SDP-P) to the StMM solver with the global certificate check in (4.1) for
synthetically generated HPPCA problems of varying data dimension. We measured
the median computation time across 10 independent trials of both algorithms. The
experiment strongly demonstrates the computational superiority of the first-order
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1106 KYLE GILMAN, SAMUEL BURER, AND LAURA BALZANO

Fig. 4. \itC \ito \itm \itp \itu \itt \ita \itt \iti \ito \itn \itt \iti \itm \ite \ito \itf (SDP-P) \itv \ite \itr \its \itu \its \itS \itt \itM \itM \itf \ito \itr 2000 \iti \itt \ite \itr \ita \itt \iti \ito \itn \its \itw \iti \itt \ith \itg \itl \ito \itb \ita \itl \itc \ite \itr \itt \iti fi\itc \ita \itt \ite 
\itc \ith \ite \itc \itk (4.1) \itf \ito \itr \itH \itP \itP \itC \itA \itp \itr \ito \itb \itl \ite \itm \its \ita \its \itt \ith \ite \itd \ita \itt \ita \itd \iti \itm \ite \itn \its \iti \ito \itn \itv \ita \itr \iti \ite \its . \itW \ite \itu \its \ite \itd v= [1,4], \ita \itn \itd n= [100,400]
\ita \itn \itd \itm \ita \itd \ite \bfitlambda \ita k-\itl \ite \itn \itg \itt \ith \itv \ite \itc \itt \ito \itr \itw \iti \itt \ith \ite \itn \itt \itr \iti \ite \its \ite \itq \itu \ita \itl \itl \ity \its \itp \ita \itc \ite \itd \iti \itn \itt \ith \ite \iti \itn \itt \ite \itr \itv \ita \itl [1,4], \itw \ith \ite \itr \ite \itt \ith \ite \itr \ita \itn \itk \ito \itf \itt \ith \ite 
\itm \ito \itd \ite \itl \iti \its k. \itM \ita \itr \itk \ite \itr \its \iti \itn \itd \iti \itc \ita \itt \ite \itt \ith \ite \itm \ite \itd \iti \ita \itn \itc \ito \itm \itp \itu \itt \ita \itt \iti \ito \itn \itt \iti \itm \ite \itt \ita \itk \ite \itn \ito \itv \ite \itr 10 \itt \itr \iti \ita \itl \its , \ita \itn \itd \ite \itr \itr \ito \itr \itb \ita \itr \its \its \ith \ito \itw 
\itt \ith \ite \its \itt \ita \itn \itd \ita \itr \itd \itd \ite \itv \iti \ita \itt \iti \ito \itn . \itD \itu \ite \itt \ito \itm \ite \itm \ito \itr \ity \ita \itn \itd \itc \ito \itm \itp \itu \itt \ita \itt \iti \ito \itn \itl \iti \itm \iti \itt \ita \itt \iti \ito \itn \its \itf \ito \itr d= 300, \itw \ite \ito \itn \itl \ity \itp \ite \itr \itf \ito \itr \itm \ite \itd 
\ito \itn \ite \itt \iti \itm \iti \itn \itg \itt \ite \its \itt \itf \ito \itr k= 3 \ita \itn \itd k= 5.

method with our certificate compared to the full SDP, as predicted by the compu-
tational complexity analysis in subsection 4.1. StMM+Certificate scaled nearly 60
times better in computation time for the largest dimension with k = 3 and 15 times
for k= 10, while offering a crucial theoretical guarantee to a nonconvex problem that
may contain spurious local maxima. Thus, we can solve the nonconvex problem posed
in (1.1) using any choice of solver on the Stiefel manifold and perform a fast check of
its terminal output for global optimality.

6. Future work and conclusion. In this work, we proposed a novel SDP
relaxation for the sums of heterogeneous quadratic forms problem, from which we
derived a global optimality certificate to check a local solution of a nonconvex pro-
gram. Our other major contribution proved a continuity result showing sufficient
conditions guaranteeing the relaxation has the ROP and providing both theoretical
and empirical support that a motivating signal processing application---the HPPCA
problem---possesses a tight relaxation in many instances.

While the global certificate scales well compared to solving the full SDP, the LMI
feasibility program still requires forming and factoring d\times d size matrices, requiring
storage of \scrO (d2) elements. One potential solution is to apply recent works like [43] to
our problem, which use randomized algorithms to reduce the storage and arithmetic
costs for scalable semidefinite programming. Further, it remains interesting to prove
a sufficient analytical certificate as well as proving more general sufficient conditions
on the Mi that guarantee the ROP. A key future extension is to precisely quantify
the size of the region in Theorem 4.6 where the SDP has the ROP.

Another direction for future research would be to generalize Theorem 4.6 or to
simplify its proof. While the problem in [16] is distinct from our own for the reasons
discussed in section 3, it would be interesting to determine whether the ideas and
insights of their theory can be applied in our case.
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SDP FOR SHQF ON THE STIEFEL 1107

Appendix A. Proofs of results in section 2.

Proof of Lemma 2.1. The problem is convex and satisfies Slater's condition; see
Lemma A.1. Specifically, for optimal primal solutions Xi and optimal dual solutions
Y, Zi, and \nu i \forall i \in [k], we have \langle I  - (

\sum k
i=1Xi),Y\rangle = 0 and therefore tr(Y) =

\langle Y,
\sum k

i=1Xi\rangle . Then

d\ast =

\Biggl\langle 
k\sum 

i=1

Mi +Zi  - \nu iI,Xi

\Biggr\rangle 
+

k\sum 
i=1

\nu i = tr

\Biggl( 
k\sum 

i=1

MiXi

\Biggr) 
,

since \langle Zi,Xi\rangle = 0 and
\sum k

i=1 \nu i(1 - tr(Xi)) = 0. Thus, p\ast = d\ast .

Lemma A.1. The primal problem in (SDP-P) is strictly feasible for k < d.

Proof. To be strictly feasible we must have Xi, i= 1, . . . , k such that

0\prec 
k\sum 

i=1

Xi \prec I, tr(Xi) = 1, Xi \succ 0, i= 1, . . . , k.

Suppose Xi =
1
dI \forall i. Then tr(Xi) = 1 and Xi \succ 0 \forall i, and

\sum k
i=1Xi =

k
d I, satisfying

0\prec 
\sum k

i=1Xi \prec I when k < d.

Proof of Lemma 2.3. Since the problem in (SDP-P) has a larger constraint set
than (1.1), any solution to (SDP-P) that satisfies the constraints of (1.1) also consti-
tutes a solution to this original nonconvex problem.

For the ``if"" direction, assume that the optimal Xi for (SDP-P) have the ROP.
Since tr(Xi) = 1 by definition of (SDP-P), when we decompose Xi = uiu

\prime 
i we have

ui that are norm-1. In order for
\sum k

i=1Xi \preccurlyeq I, the ui must be orthogonal. For the
``only if"" direction, assume that the solution to the SDP relaxation in (SDP-P) is
the optimal solution to the original nonconvex problem in (1.1) in the sense that
Xi = uiu

\prime 
i gives the optimal U =

\bigl[ 
u1 \cdot \cdot \cdot uk

\bigr] 
. Then by definition we see that the

Xi have the ROP.

Lemma A.2. Suppose Xi for i= 1, . . . , k each have trace 1 and satisfy \lambda 1(Xi) = 1,
and therefore each Xi is rank-one. We decompose Xi = uiu

\prime 
i and note that ui are

norm-1. Then
\sum k

i=1Xi satisfies 0\preccurlyeq 
\sum k

i=1Xi \preccurlyeq I if and only if u\prime 
iuj = 0 \forall i \not = j .

Proof. Forward direction: Suppose X =
\sum k

i=1Xi has eigenvalues in [0,1] and
tr(X) = k. Since rank(X)\leq k by the subadditivity of rank, this implies both that X
is rank-k and its eigenvalues are either zero or one. Note then that

tr(XX\prime ) = k= tr

\Biggl( \Biggl( \sum 
i

uiu
\prime 
i

\Biggr) \Biggl( \sum 
i

uiu
\prime 
i

\Biggr) \Biggr) 
=
\sum 
i

(u\prime 
iui)

2 + tr

\left(  2
\sum 
i \not =j

(u\prime 
iuj)

2

\right)  .

Since ui are norm-1, then the sum
\sum 

i(u
\prime 
iui)

2 = k. This means

tr

\left(  2
\sum 
i\not =j

(u\prime 
iuj)

2

\right)  = 0 ,

which is true if and only if u\prime 
iuj = 0.

The backward direction is immediate because when u\prime 
iuj = 0 for i \not = j,

\sum k
i=1uiu

\prime 
i

is the eigenvalue decomposition of X with k eigenvalues equal to one.
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1108 KYLE GILMAN, SAMUEL BURER, AND LAURA BALZANO

Proof of Lemma 2.4. Suppose Zi is rank d - 1. By complementarity at optimal-
ity, we have ZiXi = 0 \forall i, which means Xi lies in the nullspace of Zi, which has
dimension 1, so each Xi is rank-one. By primal feasibility, tr(Xi) = 1, so \lambda 1(Xi) =
1 \forall i = 1, . . . , k. By Lemma A.2, the optimal solution is an orthogonal projection
matrix, and the optimal Xi are orthogonal.

Appendix B. Proof of Theorem 4.1 and Corollary 4.2.

Proof of Theorem 4.1. By Lemma 2.1, primal and dual feasible solutions of
(SDP-P) and (SDP-D), Xi,Zi,Y,\bfitnu , are simultaneously optimal if and only if they
satisfy the following KKT conditions [10], where the variables and constraints are
indexed by i\in [k]:

Xi \succeq 0,

k\sum 
i=1

Xi \preceq I, tr(Xi) = 1,(KKT-a)

Y=Mi +Zi  - \nu iI, Y\succeq 0,(KKT-b) \Biggl\langle 
I - 

k\sum 
i=1

Xi,Y

\Biggr\rangle 
= 0,(KKT-c)

\langle Zi,Xi\rangle = 0,(KKT-d)

Zi \succeq 0.(KKT-e)

Similar to the work in [42], our strategy is then to construct Xi and Y,Zi,\bfitnu 
satisfying these conditions. Given U and \bfitnu in the statement of the theorem, we
define Xi = uiu

\prime 
i, Y =U(\Lambda  - D\bfitnu )U

\prime 
, and Zi =Y + \=\nu iI - Mi. By construction, Xi

satisfy (KKT-a). Also by construction Y =Mi +Zi  - \bfitnu iI, and the assumption that
\Lambda \succeq D\bfitnu ensures Y\succeq 0 to satisfy (KKT-b). One can also verify that \langle I - X,Y\rangle = 0 by
construction, thus satisfying (KKT-c). So it remains to show \langle Zi,Xi\rangle = 0 and Zi \succeq 0.

Moreover, Zi \succeq 0 by the assumption in (4.1), satisfying (KKT-e). We finally
verify (KKT-d), i.e., \langle Zi,Xi\rangle = 0, with U= [u1 \cdot \cdot \cdot uk]:

\langle Zi,Xi\rangle = \langle Y+ \=\nu iI - Mi,Xi\rangle = \langle U(\Lambda  - D\bfitnu )U
\prime 
+ \=\nu iI - Mi,uiu

\prime 
i\rangle 

= u\prime 
iUU

\prime 
k\sum 

j=1

MjUEjU
\prime 
ui  - u\prime 

iUD\bfitnu U
\prime 
ui + \=\nu i  - u\prime 

iMiui

= e\prime iU
\prime 

k\sum 
j=1

Mjuje
\prime 
jei  - e\prime iD\bfitnu ei + \=\nu i  - u\prime 

iMiui

= u\prime 
iMiui  - \=\nu i + \=\nu i  - u\prime 

iMiui = 0.

Remark B.1. Given the fact that the Lagrange multipliers \nu i corresponding to
the trace constraints are nonnegative by Lemma B.2, this also implies that \Lambda \succeq 0.
We note that this indeed fulfills a necessary condition for U to be a second-order
stationary point by Lemma SM2.1 and Lemma SM2.2 in the supplement.

See subsection SM2.2 in the supplement for additional remarks.
For the following results in this paper, we require a proof that the optimal \bfitnu in

(SDP-D) are nonnegative.

Lemma B.2. Assume all Mi are PSD, and k < d. Then all \nu i \geq 0 at optimality.
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SDP FOR SHQF ON THE STIEFEL 1109

Proof. For a contradiction suppose the optimal \bfitnu has at least one coordinate
that is strictly negative. Without loss of generality, let \nu 1 < 0 be the smallest (most
negative) coordinate of \bfitnu , and rewrite the objective in terms of M1 and eliminating
Y as

d\ast = min
\nu i,Zi

tr(Z1 +M1) - d\nu 1 +

k\sum 
i=1

\nu i(B.1)

s.t. Mi +Zi \succcurlyeq \nu iI \forall i= 1, . . . , k,

M1 +Z1  - \nu 1I=Mj +Zj  - \nu jI \forall j = 2, . . . , k,(B.2)

Zi \succcurlyeq 0 \forall i= 1, . . . , k.

Now consider new variables \{ \~\nu i, \~Zi\} ki=1, where we let \~\nu 1 = 0, \~\nu i = \nu i - \nu 1 for i= 2, . . . , k,
and leave all the Z variables unchanged: \~Zi =Zi \forall i.

These new variables are still feasible. Certainly M1 + \~Z1 =M1 +Z1 \succcurlyeq \~\nu 1I= 0 as
both M1,Z1 are PSD. Also M1 + \~Z1  - \~\nu 1I=Mj + \~Zj  - \~\nu jI, since substituting in, we
have M1+Z1 =Mj+Zj - (\nu j - \nu 1)I, which was feasible for the original optimal point.
From this last equation note that since M1 + Z1 \succcurlyeq 0, then Mj + Zj  - (\nu j  - \nu 1)I =
Mj + \~Zj  - \~\nu jI\succeq 0.

However, with the assumption that k < d, this yields a contradiction because we
have reduced the objective value from

tr(Z1 +M1) - d\nu 1 +

k\sum 
i=1

\nu i to tr(Z1 +M1) - k\nu 1 +

k\sum 
i=1

\nu i .

Therefore \nu i < 0 cannot be optimal.

Proof of Corollary 4.2. We first argue that this problem attains an optimal so-
lution as follows. We note that (4.2) is feasible by taking \bfitnu = 0 and \epsilon sufficiently
large. Next, the optimal value of (4.2) is clearly bounded below by 0. In addition,
for any fixed \=\epsilon , one can see that the level set of feasible points (\epsilon ,\bfitnu ) with \epsilon \leq \=\epsilon is
bounded via the constraint 0 \preceq D\bfitnu \preceq \Lambda + \epsilon I, which in particular bounds each entry
of \bfitnu from below by Lemma B.2 and from above by the corresponding diagonal entry
of \Lambda . Hence, an optimal solution (\epsilon \ast ,\bfitnu \ast ) is attained. Let \epsilon \ast be the unique optimal
value of the optimization problem. From this \epsilon \ast , now we construct a solution to the
following approximate KKT conditions [10] of (SDP-P), indexing the variables and
constraints by i\in [k]:

Xi \succeq 0,

k\sum 
i=1

Xi \preceq I, tr(Xi) = 1,(eps-KKT-a)

Y=Mi +Zi  - \nu iI, Y\succeq  - \epsilon \ast I,(eps-KKT-b) \Biggl\langle 
I - 

k\sum 
i=1

Xi,Y

\Biggr\rangle 
= 0,(eps-KKT-c)

\langle Zi,Xi\rangle = 0,(eps-KKT-d)

Zi \succeq  - \epsilon \ast I.(eps-KKT-e)

Given a U and optimal \bfitnu to (4.2), we define Xi = uiu
\prime 
i, Y = U(\Lambda  - D\bfitnu )U

\prime 
, and

Zi = Y + \nu iI  - Mi. By construction, Xi satisfy (eps-KKT-a), and it is clear that
Y = Mi + Zi  - \bfitnu iI satisfies the first condition in (eps-KKT-b). One can also verify
that \langle I - X,Y\rangle = 0 by construction, thus satisfying (eps-KKT-c).
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1110 KYLE GILMAN, SAMUEL BURER, AND LAURA BALZANO

One can easily show that \Lambda  - D\bfitnu \succeq  - \epsilon \ast I ensures Y\succeq  - \epsilon \ast I (eps-KKT-b). More-
over, Zi \succeq  - \epsilon \ast I by the assumption in (4.2), satisfying (eps-KKT-e). Just as we did
in the proof of Theorem 4.1 we finally verify (eps-KKT-d), i.e., \langle Zi,Xi\rangle = 0, with
U= [u1 \cdot \cdot \cdot uk].

Let us now focus on Y,Zi, which are approximately feasible for the dual problem.
By defining Y := Y + \epsilon \ast I, Zi := Zi + \epsilon \ast I, Z := (Z1, . . . ,Zk), and \bfitnu := \bfitnu , we recover
dual feasibility, i.e., Y\succeq 0 and Zi \succeq 0. Hence, the duality gap between X1, . . . ,Xk and
Y,Z,\bfitnu is nonnegative and, in fact, equals \epsilon \ast d due to the approximate KKT system:

d(Y,Z,\bfitnu ) - p(U) = tr(Y) +
\sum 
i

\bfitnu i  - 
\sum 
i

\langle Mi,Xi\rangle 

= tr(Y) +
\sum 
i

\bfitnu i  - 
\sum 
i

\langle Y - Zi + \bfitnu iI,Xi\rangle 

= tr(Y) +
\sum 
i

\bfitnu i  - 

\Biggl\langle 
Y,
\sum 
i

Xi

\Biggr\rangle 
+
\sum 
i

\langle Zi,Xi\rangle  - 
\sum 
i

\bfitnu i

=

\Biggl\langle 
Y, I - 

\sum 
i

Xi

\Biggr\rangle 
+
\sum 
i

\langle Zi,Xi\rangle 

=

\Biggl\langle 
Y+ \epsilon \ast I, I - 

\sum 
i

Xi

\Biggr\rangle 
+
\sum 
i

\langle Zi + \epsilon \ast I,Xi\rangle 

= \epsilon \ast tr

\Biggl( 
I - 

\sum 
i

Xi

\Biggr) 
+ \epsilon \ast 

\sum 
i

tr(Xi) = \epsilon \ast tr(I) = \epsilon \ast d.

In other words, letting p(U) be the primal objective associated with U and d(Y,Z,\bfitnu )
be the dual objective associated with Y,Z,\bfitnu , we have shown that the duality gap
d(Y,Z,\bfitnu ) - p(U) = \epsilon \ast d, which implies p(U) = d(Y,Z,\bfitnu ) - \epsilon \ast d\geq d\ast (Y,Z,\bfitnu ) - \epsilon \ast d=
p\ast  - \epsilon \ast d.

Appendix C. Proofs of intermediate results supporting Theorem 4.6.
Next, we give general convex analysis results that allow us to prove Theorem 4.6.

Let \scrC \subseteq \BbbR n be a closed, convex set. For all c \in \scrC , consider a primal-dual pair of
linear conic programs parameterized by c:

p(c) :=min
x

\{ c\prime x :Ax= b,x\in \scrK \} ,(P ;c)

d(c) :=max
y

\{ b\prime y : c - A\prime y \in \scrK \ast \} .(D;c)

Here, the data A\in \BbbR m\times n and b\in \BbbR m are fixed; \scrK \subseteq \BbbR n is a closed, convex cone; and
\scrK \ast := \{ s \in \BbbR n : s\prime x \geq 0 \forall x \in \scrK \} is its polar dual. We imagine, in particular, that
\scrK is a direct product of a nonnegative orthant, second-order cones, and PSD cones,
corresponding to linear, second-order-cone, and semidefinite programming.

Define Feas(P ) := \{ x \in \scrK : Ax = b\} and Feas(D;c) := \{ y : c - A\prime y \in \scrK \ast \} to be
the feasible sets of (P ;c) and (D;c), respectively. We assume the following.

Assumption C.0.1. Feas(P ) is interior feasible, and Feas(D;c) is interior feasible
for all c\in \scrC .

Then, for all c, strong duality holds between (P ;c) and (D;c) in the sense that
p(c) = d(c) and both p(c) and d(c) are attained in their respective problems. Accord-
ingly, we also define
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SDP FOR SHQF ON THE STIEFEL 1111

Opt(D;c) := \{ y \in Feas(D;c) : b\prime y= d(c)\} 

to be the nonempty, dual optimal solution set for each c\in \scrC .
In addition, we assume the existence of linear constraints f - E\prime y\geq 0, independent

of c, such that

Extra(D) := \{ y : f  - E\prime y\geq 0\} 

satisfies the following.

Assumption C.0.2. For all c \in \scrC , Feas(D;c) \cap Extra(D) is interior feasible and
bounded, and Opt(D;c)\subseteq Extra(D).

In words, irrespective of c, the extra constraints f - E\prime y\geq 0 bound the dual feasible
set without cutting off any optimal solutions and while still maintaining interior,
including interiority with respect to f  - E\prime y \geq 0. Note also that Assumption C.0.2
implies the recession cone of Feas(D;c)\cap Extra(D) is trivial for (and independent of)
all c, i.e., \{ \Delta y : - A\prime \Delta y \in \scrK \ast , - E\prime \Delta y\geq 0\} = \{ 0\} .

We first prove a continuity result related to the dual feasible set, in which we use
the following definition of a convergent sequence of bounded sets in Euclidean space:
a sequence of bounded sets \{ Lk\} converges to a bounded set \=L, written \{ Lk\} \rightarrow \=L,
if and only if (i) given any sequence \{ yk \in Lk\} , every limit point \=y of the sequence
satisfies \=y \in \=L; and (ii) every member \=y \in \=L is the limit point of some sequence
\{ yk \in Lk\} .

Lemma C.1. Under Assumptions C.0.1 and C.0.2, let \{ ck \in \scrC \} \rightarrow c be any
convergent sequence. Then\bigl\{ 

Feas(D;ck)\cap Extra(D)
\bigr\} 

\rightarrow Feas(D;c)\cap Extra(D).

Proof. See subsection SM3.1 in the supplement for the proof.

Lemma C.2. Under Assumptions C.0.1 and C.0.2, let \{ ck \in \scrC \} \rightarrow c be any
convergent sequence. Then \bigl\{ 

Opt(D;ck)
\bigr\} 

\rightarrow Opt(D;c).

Proof. See subsection SM3.2 in the supplement for the proof.

Finally, for given c\in \scrC and fixed y0 \in \BbbR m, we define the function

y(c) := y(c;y0) = argmin\{ \| y - y0\| : y \in Opt(D;c)\} ,

i.e., y(c) equals the point in Opt(D;c), which is closest to y0. Since Opt(D;c) is
closed and convex, y(c) is well defined. We next use Lemma C.2 to show that y(c) is
continuous in c.

Proposition C.3. Under the Assumptions C.0.1 and C.0.2, given y0 \in \BbbR m, the
function y(c) := y(c;y0) is continuous in c.

Proof. We must show that, for any convergent \{ ck\} \rightarrow c, we also have convergence
\{ y(ck)\} \rightarrow y(c). This follows because \{ Opt(D;ck)\} \rightarrow Opt(D;c) by Lemma C.2.

Theorem 4.6 uses Proposition C.3 in its proof. Here we discuss how the primal-
dual pair (SDP-P)--(SDP-D) satisfy the assumptions for the proposition. We would
like to establish conditions under which (SDP-P) has the ROP. For this, we apply
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1112 KYLE GILMAN, SAMUEL BURER, AND LAURA BALZANO

the general theory developed above, specifically Proposition C.3. To show that the
general theory applies, we must define the closed, convex set \scrC , which contains the
set of admissible objective matrices/coefficients (M1, . . . ,Mk) and which satisfies As-
sumptions C.0.1 and C.0.2. In particular, for a fixed, user-specified upper bound
\mu > 0, we define \scrC := \{ c = (M1, . . . ,Mk) : 0 \preceq Mi \preceq \mu I \forall i = 1, . . . , k\} to be our
set of admissible coefficient k-tuples. In addition, we have shown in Lemma B.2 that
all Mi \succeq 0 implies that all \nu i are nonnegative at optimality. Thus, we enforce the
redundant constraint that \nu i \geq 0 \forall i\in [k].

We know that both (SDP-P) and (SDP-D) have interior points for all c \in \scrC , so
that strong duality holds. For the dual in particular, the equation \mu I = Mi + ((\mu +
\epsilon )I - Mi) - \epsilon I shows that, for all \epsilon > 0, Y(\epsilon ) := \mu I, Z(\epsilon )i := (\mu +\epsilon )I - Mi, \nu (\epsilon )i := \epsilon is
interior feasible with objective value d\mu + k\epsilon . In particular, the redundant constraint
\bfitnu \geq 0 is satisfied strictly. This verifies Assumption C.0.1.

We next verify Assumption C.0.2. Since the objective value just mentioned is
independent of c= (M1, . . . ,Mk), we can take \epsilon = 1 and enforce the extra constraint
tr(Y)+

\sum k
i=1 \nu i \leq d\mu +k without cutting off any dual optimal solutions and while still

maintaining interior. In particular, the solution (Y( 12 ),Z(
1
2 )i,\bfitnu (

1
2 )i) corresponding

to \epsilon = 1
2 satisfies the new, extra constraint strictly. Finally, note that tr(Y)+

\sum 
i \nu i \leq 

d\mu + k bounds Y and \bfitnu in the presence of the constraints Y \succeq 0 and \bfitnu \geq 0, and
consequently the constraint Zi =Y - Mi + \nu iI bounds Zi for each i.

We now repeat the discussion leading up to Theorem 4.6 for completeness. The
first lemma says that the diagonal problem has dual variables Zi such that rank(Zi)\geq 
d - 1, implying that the primal variables Xi are rank-one.

Proof of Lemma 4.4. Because of the jointly diagonalizable property, we may as-
sume without loss of generality that each Mi is diagonal. So (SDP-P) is equivalent
to the assignment LP

max

\Biggl\{ 
k\sum 

i=1

diag(Mi)
\prime diag(Xi) :

e\prime diag(Xi) = 1, diag(Xi)\geq 0 \forall i= 1, . . . , k\sum k
i=1 diag(Xi)\leq e

\Biggr\} 
,

where e is the vector of all ones, and (SDP-D) is equivalent to the LP

min

\Biggl\{ 
e\prime diag(Y) +

k\sum 
i=1

\nu i :
diag(Y) = diag(Mi) + diag(Zi) - \nu ie \forall i= 1, . . . , k
diag(Zi)\geq 0 \forall i= 1, . . . , k, diag(Y)\geq 0

\Biggr\} 
.

Since the primal is an assignment problem, its unique optimal solution has the
property that each diag(Xi) is a standard basis vector (i.e., each has a single en-
try equal to 1 and all other entries equal to 0). By the Goldman--Tucker strict
complementarity theorem for LP, there exists an optimal primal-dual pair such that
diag(Xi) + diag(Zi) > 0 for each i. Hence, there exists a dual optimal solution with
rank(Zi)\geq d - 1 for each i, as desired.

Proof of Corollary 4.8. We apply Lemma SM3.13 to (A1, . . . ,AL). Then there
exist Hermitian symmetric matrices \=A\ell such that \| [ \=A\ell , \=Am]\| tr = 0 \forall \ell ,m \in [L] such
that \| A\ell  - \=A\ell \| tr \leq \delta (\epsilon , k) \forall \ell \in [L]. Let Mi :=

\sum L
\ell =1w\ell ,i

\=A\ell . Then the matrices Mi

commute and are jointly diagonalizable:

[Mi,Mj ] =MiMj  - MjMi = 2

L\sum 
\ell \not =m

w\ell ,iwm,j( \=A\ell 
\=Am  - \=Am

\=A\ell ) = 0.(C.1)
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SDP FOR SHQF ON THE STIEFEL 1113

Now we measure the distance between each Mi and Mi:

\| Mi  - Mi\| tr =

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
L\sum 

\ell =1

w\ell ,i(A\ell  - \=A\ell )

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
tr

\leq 
L\sum 

\ell =1

w\ell ,i\| A\ell  - \=A\ell \| tr \leq 
L\sum 

\ell =1

w\ell ,i\delta (\epsilon , k).(C.2)

The following lemma is used in the proof of Proposition 4.9.

Lemma C.4. Let Mi := \BbbE [ 1nMi] \in \BbbR d\times d, where the expectation is taken with
respect to the normalized data observations, and let C > 0 be a universal constant.
Then \| [Mi,Mj ]\| = 0, and with probability at least 1 - e - t for t > 0,

\| 1
nMi  - Mi\| 
\| M1\| 

\leq C
\=\sigma i

\=\sigma 1
max

\left\{   
\sqrt{} 

\=\xi i
\=\sigma i
logd+ t

n
,

\=\xi i
\=\sigma i
logd+ t

n
log(n)

\right\}   , where(C.3)

\=\sigma i = \| Mi\| =
L\sum 

\ell =1

\lambda i

v\ell 
\lambda i

v\ell 
+ 1

n\ell 

n

\biggl( 
\lambda 1

v\ell 
+ 1

\biggr) 
,

\=\xi i = tr(Mi) =

L\sum 
\ell =1

\lambda i

v\ell 
\lambda i

v\ell 
+ 1

n\ell 

n

\left(  1

v\ell 

k\sum 
j=1

\lambda j + d

\right)  .

Proof. Let \~y\ell ,j :=
\sqrt{} 

w\ell ,i

v\ell 
y\ell ,j be a rescaling of the data vectors. Then \~y\ell ,j

iid\sim 
\scrN (0,w\ell ,i(

1
v\ell 
U\Theta 2U\prime + I)). After rescaling, for notational purposes let

Mi =
1
n

\sum L
\ell =1

\sum n\ell 

j=1 \~y\ell ,j \~y
\prime 
\ell ,j . Taking the expectation over the data, we have

\BbbE [Mi] =
1

n

L\sum 
\ell =1

n\ell \sum 
j=1

\BbbE [\~y\ell ,j \~y
\prime 
\ell ,j ] =

L\sum 
\ell =1

w\ell ,i
n\ell 

n

\biggl( 
1

v\ell 
U\Theta 2U\prime + I

\biggr) 
.(C.4)

Let U\bot \in \BbbR d\times d - k be an orthonormal basis spanning the orthogonal complement of
Span(U). Noting that I=UU\prime +U\bot U

\prime 
\bot , rewrite \BbbE [Mi] in terms of its eigendecom-

position by

\BbbE [Mi] =U

\Biggl( 
L\sum 

\ell =1

w\ell ,i
n\ell 

n

\biggl( 
1

v\ell 
\Theta 2 + Ik

\biggr) \Biggr) 
U\prime +

\Biggl( 
L\sum 

\ell =1

w\ell ,i
n\ell 

n

\Biggr) 
U\bot U

\prime 
\bot (C.5)

=
\bigl[ 
U U\bot 

\bigr] \biggl[ \Sigma i 0
0 \gamma iId - k

\biggr] \biggl[ 
U\prime 

U\prime 
\bot 

\biggr] 
,(C.6)

where \Sigma i :=
\sum L

\ell =1w\ell ,i
n\ell 

n ( 1
v\ell 
\Theta 2+Ik) and \gamma i :=

\sum L
\ell =1w\ell ,i

n\ell 

n , from which we obtain the

expressions for \=\sigma i = \| \BbbE [Mi]\| and \=\xi i = tr(\BbbE [Mi]). Then invoking Lemma SM3.14 in
the supplement to bound the concentration of a normalized sample covariance matrix
to its expectation with high probability yields the final result.

Proof of Proposition 4.9. We argue there are two possible sets of commuting
(M1, . . . ,Mk) that (M1, . . . ,Mk) can converge to, depending on the signal to noise
ratios \lambda i

v\ell 
and the number of samples n.

Consider that we can scale all the Mi in (SDP-P) by a positive scalar constant
without changing the optimal solution. Since all the Mi can be arbitrarily scaled in
this manner, and thereby changing any distance measure, we will choose to normalize
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1114 KYLE GILMAN, SAMUEL BURER, AND LAURA BALZANO

the matrices Mi and Mi by the number of samples and the largest spectral norm
of the Mi, which is equivalent to also normalizing the distance. Using the definition
of the weights w\ell ,i in HPPCA, it is straightforward to show thatM1 \succeq M2 \succeq \cdot \cdot \cdot \succeq Mk.
Accordingly, we normalize by 1/\| nM1\| .

First, if the variances are zero or all the same, i.e., noiseless or homoscedastic
noisy data, then all the Mi are equal. Otherwise, in the case where each SNR \lambda i/v\ell 
of the ith components is large or close to the same value for all \ell \in [L], the weights

w\ell ,i =
\lambda i/v\ell 

\lambda i/v\ell +1 are very close to 1 or some constant less than 1, respectively. Therefore,

let M := 1
n

\sum L
\ell =1 \=vA\ell for some \=v \geq 0 \forall i \in [k], where we recall from (4.3) that

A\ell =
\sum n\ell 

j=1
1
v\ell 
y\ell ,jy

\prime 
\ell ,j . Then

\| 1
nMi  - M\| 

\| M\| 
=

\lambda i

\lambda i+\=v\| 
\sum L

\ell =1
(\=v - v\ell )/v\ell 

\lambda i/v\ell +1 A\ell \| 
\lambda i

\lambda i+\=v

\sum L
\ell =1 \| A\ell \| 

\leq 
\sum L

\ell =1
| \=v - v\ell | /v\ell 

\lambda i/v\ell +1 \| A\ell \| 

\| 
\sum L

\ell =1A\ell \| 
\leq 

L\sum 
\ell =1

| \=v - v\ell | 
v\ell 

\lambda i

v\ell 
+ 1

,

(C.7)

where the last inequality above results from the fact \| A\ell \| 
\| 
\sum L

\ell =1 A\ell \| 
\leq 1 for all \ell \in [L] using

Weyl's inequality for symmetric PSD matrices [26]. While the bound above depends
on the SNR and the gaps between the variances, it fails to capture the effects of the
sample sizes, which also play an important role in how close the Mi are to commuting.
Even in the case where the variances are larger and more heterogeneous, since the
Mi form a weighted sum of sample covariance matrices, given enough samples, they
should concentrate to their respective sample covariance matrices, which commute
between i, j \in [k]. We show exactly this using the concentration of sample covariances
to their expectation in [29], and choose c = (M1, . . . ,Mk) for Mi := \BbbE [ 1nMi], where
the expectation here is with respect to the normalized data generated by the model
in (4.3).

Let Mi := \BbbE [ 1nMi] \in \BbbR d\times d, where the expectation is taken with respect to the
normalized data observations. Then by Lemma C.4 and taking the minimum with
(C.7), we obtain the final result.
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